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ABSTRACT
The volume of fluid (VOF) interface tracking methods have been used for
simulating a wide range of interfacial flows. An improved accuracy of the
surface tension force computation has enabled the VOF method to become
widely used for simulating surface tension driven flows. We present a new
method for including variable surface tension in a VOF based Navier-Stokes
solver. The tangential gradient of the surface tension is implemented using
an extension of the classical continuum surface force model that has been
previously used for constant surface tension simulations. Our method can
be used for computing the surface gradients of surface tension that is tem-
perature or concentration dependent [? ? ].

INTRODUCTION
The flow is governed by two-phase incompressible Navier-Stokes equations

ρ(∂tu + u · ∇u) = −∇p+∇ ·
(
µ
(
∇u +∇uT

))
+ σκδsn̂ +

∂σ

∂s
δst̂ (1)

∇ · u = 0

• u = (u, v, w) is the fluid velocity, p is the pressure
• ρ(χ) = χρ1 + (1 − χ)ρ2 and µ(χ) = χµ1 + (1 − χ)µ2 are the phase

dependent density and viscosity respectively
• χ is the volume fraction function, where χ = 1 in the fluid, and χ = 0 in

the surrounding, and it is advected with the flow, i.e. ∂tχ+∇· (uχ) = 0
• The last two terms correspond to the surface tension force which is a

result of the stress boundary condition at the interface, Fs = σκn̂+∇sσ
• The surface tension force is included as a volume force using the con-

tinuum surface force method (CSF) [? ].
• The surface tension is a function of temperature

σ = σ0 + σT (T − T0) (2)

• The temperature satisfies advection-diffusion equation

ρCp [∂tT +∇ · (uT )] = ∇ · (k∇T ) (3)

NUMERICAL METHOD
The tangential gradient of the surface tension is implemented using Gerris
free solver [? ? ]. In the case of The surface tension coefficient is a linear
function of temperature, can write ∂σ/∂s = σT∂T/∂s. Here, we describe
the algorithm for computing ∂T/∂s. The same method can be applied if σ
is a nonlinear function of temperature or concentration, where we would
compute ∂σ/∂s in the same manner at ∂T/∂s.
The algorithm can be divided into two parts:

1. Approximating interfacial temperature;
2. Computing the surface gradient.

INTERFACIAL TEMPERATURE

The temperature of the interface T̃ is approximated using the values of the
temperature field T in the interfacial cells, so that T̃ has one value in each
column. For columns with only one interfacial cell the temperature of the
interfacial cells T̃ is equal to the temperature T in the same cells. If there
is more than one interfacial cell in the column, then the volume weighted
average is used for approximating the interfacial temperature T̃ .

i+1, ji,ji -1,  j

i, j

i ,  j+1

i+1, j

i+1, j -1

i-1,  j+1

Figure 1: Examples of interface geometry where the interfacial temperature T̃ is com-
puted using the columns in the y direction. E.g. the interface temperature in Ci,j on
the right is

T̃i,j =
χi,jTi,j + χi+1,jTi+1,j

Σχi
.

i, j-1

 

i , j+1 

i ,  j

i, j

i ,  j+1

i+1, j

i+1, j -1

i-1,  j+1i-1,  j+1

i+2, j -1

Figure 2: Examples of interface geometry where the interfacial temperature T̃ is com-
puted using the columns in the x direction. E.g. the temperature of the cell Ci,j on the
right is

T̃i,j =
χi,jTi,j + χi,j+1Ti,j+1

Σχi
.

SURFACE GRADIENT
Gradients can be computed using the columns in either x or y directions,
depending on the orientation of the interface; we chose the direction of the
largest component of the normal vector at the interface. For example in Fig-
ure 2(b), the gradient is calculated in the y direction as(

∂T

∂sy

)
i,j

=
T̃i+1,j − T̃i−1,j+1

ds
. (4)

The arc length, ds, is computed from the height function in the same direction
as∇sT . In the same example as above, the arc length is

ds = 2∆
√

1 + hy, (5)

where hy is the derivative of the height function [? ].

RESULTS
We test the accuracy of our method by comparing with the existing literature
for a classical test case of a thermocapillary migration of a drop or radius
a, placed in an ambient fluid with imposed uniform temperature gradient
|∇T∞|. The nondimensional parameters governing the motion are

Re =
ρ0σT |∇T∞|a2

µ2
0

,

Ca =
σT |∇T∞|a

σ0
,

Ma =
ρ0Cp0

σT |∇T∞|a2

k0µ0α0
,

T = T0

T = T1
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Figure 3: The initial setup of the drop mi-
gration problem

We compute the migration velocity and compare with existing literature.
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Figure 4: Migration velocity comparison
with [? ], for Re = Ma = 0.72,Ca = 0.576
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Figure 5: The convergence of the migra-
tion velocity as a function of the time step
for ∆t = 10−4 ( ), 5× 10−6 ( ), 10−5 ( ),
and 5 × 10−6 ( ) compared with the re-
sults in [? ] ( ) for 2D simulation, for
Re = Ca = 0.066 and Ma = 0
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