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Introduction

This work is focused on reproducing and developing asymmetric
multilayered membrane filters, focusing on the work of Dr. Ian Griffiths at
al. [1]. These models are concerned with creating an innovative method
of membrane filtration by doing stochastic simulation of the particles
transport through the multilayered filter and entrapment of particles
within.
The filters are composed of 𝑁 membrane layers stacked on top of each
other, adding up to a total filter depth ℎ . Each membrane layer is
characterized by an 𝑚	𝑥	𝑛	 array of pores with initial radii 𝑅(, and a
taper angle which prescribes a precise difference in pore radii between
any successive membrane, defined as tan ⍺ = 𝑅.
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The filter

Figure 1. Schematic Diagram of multilayer filter [1].

Theory (cont.) Mathematical Model

q Calculate initial radius 𝑟((0) for all 𝑘
q Calculate the number of particles 𝑇((𝑎, ℎ) that can fit in each level of each 

pore where 𝑇( 𝑎, ℎ = 𝐶𝑒𝑖𝑙𝑖𝑛𝑔 A /B
C1DC 3
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q Calculate flux 𝑞(, accounting that flux is preserved, and randomly choose 
in which pore (𝑖, 𝑗) the particle will flow where the probability of a particle 
going to that pore is 𝑞 I,J /𝑞LMLDN	OMP	LMQ	NDRSP

q A random number is generated according to the geometric distribution 
and this defines the probability of sticking to level 𝑁

q 𝑇((𝑎, ℎ) and 𝑟((𝑡) are updated
q Solve system of equations for transmembrane pressure ΔpW
q Calculate flux 𝑞(, accounting that flux is preserved
q Obtain throughput 𝑉 as a summation of flux over time

Figure 4. Five layer filter with pressures between membranes

Results

Results (cont.)

Future Work
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The filter’s behavior was examined by considering the decline in
volumetric flux Q versus increasing throughput V. When characterizing
the flux, Griffiths et al. [1] relied on Kirchhoff's law, assuming that the flux
entering each pore is equal to the flux exiting the same pore. Given the
law of conservation of mass, flux at any given time must equal the flux
over the entire filter, at all layers. Upon ensuring mass conservation, the
total volumetric flux was defined as a summation of all individual fluxes
through all pores for a specific layer 𝑄( = ∑ ∑ 𝑞(

(I,J)[
J\.

]
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definition of individual flux is 𝑞(
I,J 𝑡 = ^_`ab c PB
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[1]. Individual flux is

established as a relationship between transmembrane pressure
difference ΔpW, radii at the investigated pore 𝑟(

(I,J), number of layers 𝑁,
total filter depth ℎ, and the viscosity of the feed solution 𝜇. Simulation of
the individual fluxes 𝑄, allowed for the total throughput 𝑉, to be obtained,
defined as the area under the integral of 𝑄 over time: 𝑉 = ∫ 𝑄 𝑠 𝑑𝑠L

m .

Figure 2. Schematic diagram of possible blocking mechanisms: (a) Standard
Blocking where 𝑟. > 𝑎; (b) Complete blocking where 𝑟p < 𝑎;

Theory

In the process of establishing a model of optimal filtration, only standard
blocking was considered, where the respective radii of a pore shrink due
to particle adhesivity. The radius of a pore at level 𝑘 and time 𝑡 is

defined as 𝑟(
I,J C

− 4𝑎A/3ℎ
�

, where 𝑟( 0 is the initial radius size at level

𝑘 and it is given by 𝑟( 0 = 1 + 3
p_
tan(⍺)(𝑁 + 1− 2𝑘), and 𝑝D is the

probability of a particle adhering to the side of the pore. The equations
established in the model provided a specific curve signature when
plotting flux versus total throughput, with varying taper angles (𝐹𝑖𝑔. 1),
distinguishing an optimal taper angle, for maximum throughput. More
detailed dependence of throughput with respect to taper angle can be
seen in 𝐹𝑖𝑔. 3.2. Lastly, a correlation between maximum throughput and
optimal usage of each layer before clogging occurs, is presented in
𝐹𝑖𝑔. 3.3, establishing a desired behavior we wish to replicate.

Figure 3.1. Flux 𝑄 versus throughput 𝑉 for a non-connected (𝛾 = 0) five-layer
filter (𝑁 = 5) with particle size 𝑎 = 0.5, adhesivety 𝑝D = 0.1, filter depth ℎ = 20,
and taper angle ⍺ = −0.5°	 𝑠𝑜𝑙𝑖𝑑 , 0°	 𝑑𝑎𝑠ℎ𝑒𝑑 , 0.43°	 𝑑𝑜𝑡 − 𝑑𝑎𝑠ℎ𝑒𝑑 ,
1°	(𝑑𝑜𝑡𝑡𝑒𝑑) illustrating the increase and then decrease in final throughput 𝑉∗with
increase and then decrease in final throughput 𝑉∗ with increasing taper angle [1].

Figure 3.2. Final throughput 𝑉∗ versus taper angle ⍺ for a non-connected (𝛾 = 0)
five-layer filter (𝑁 = 5) with particle size 𝑎 = 0.5, adhesivety 𝑝D = 0.1, filter depth
ℎ = 20. The crosses show the data points and variance from the mean generated
by the simulations, and the black curve is a polynomial fit with optimum at ⍺ ≅
0.43°. The two circled data points correspond to ⍺ = 0° and ⍺ = −0.14° [1].

Figure 3.3. Variation of mean pore radius 𝑅 = ∑ ∑ 𝑟(
(I,J)]
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I\. versus throughput

𝑉 in a non-connected five-layer filter 𝑁 = 5 for 1 ≤ 𝑘 ≤ 5 with taper angle
𝑎 	⍺ = −0.5, 𝑏 	⍺ = 0, 𝑐 	⍺ = ⍺∗ ≈ 0.43, 𝑑 	⍺ = 1 when filtering particles of

size 𝑎 = 0.5 and adhesivity 𝑝D = 0.1. For optimal taper angle the final radius of
pores in each layer is approximately equal indicating optimal filter usage [1].

𝑃m − 𝑃. 𝑟.E = 𝑃. − 𝑃p 𝑟pE= 𝑃p − 𝑃A 𝑟AE= 𝑃A − 𝑃E 𝑟EE= 𝑃E − 𝑃� 𝑟�E

Figure 5.1. (Left) Flux 𝑄 versus throughput 𝑉 for a non-connected (𝛾 = 0) five-
layer filter (𝑁 = 5) with particle size 𝑎 = 0.5, adhesivety 𝑝D = 0.1, filter depth ℎ =
20, and taper angle ⍺ = −0.5°, 0°, 0.43°, 1° as shown on the figure with the same
conditions as 𝐹𝑖𝑔	3.1 [1]; (Right) Final throughput 𝑉∗ versus taper angle ⍺ for a
non-connected (𝛾 = 0) five-layer filter (𝑁 = 5) as shown on the figure with the
same conditions as 𝐹𝑖𝑔	3.2 [1].

Figure 5.2. Flux 𝑄 versus throughput 𝑉 for a non-connected (𝛾 = 0) five-layer filter
(𝑁 = 5) with particle size 𝑎 = 0.5, adhesivety 𝑝D = 0.1, filter depth ℎ = 20, and
taper angle ⍺ = −0.5°, 0°, 0.43°, 1° following deterministic model where 𝑟( 𝑡 =

𝑟( 0 p − EDF_
A3
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where on the left 𝐹𝑖𝑔. ΔpW = 𝑐𝑜𝑛𝑠𝑡 and on the

right 𝐹𝑖𝑔. ΔpW = Δp 1 − 0.001 ∗ i .

Figure 5.3. Variation of mean pore radius 𝑅 = ∑ ∑ 𝑟(
(I,J)]
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𝑉 in a non-connected five-layer filter 𝑁 = 5 for 1 ≤ 𝑘 ≤ 5 with taper angle
𝑎 	⍺ = −0.5, 𝑏 	⍺ = 0, 𝑐 	⍺ = ⍺∗ ≈ 0.43, 𝑑 	⍺ = 1 with same conditions as
𝐹𝑖𝑔	3.3 [1].

We will be continuing the research in collaboration with Dr. Ian Griffiths,
at Oxford University, in August, 2018. The scope of our project will be
extended to consider a connected filter with irregular pore structure as
shown on 𝐹𝑖𝑔	6.

Figure 6. Irregular filter structure with “random” connections
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