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Abstract

We perform three-dimensional simulations of SAW-driven spreading of silicone oil drops on flat substrates
and over solid obstacles. The resulting model takes the form of a three-dimensional long-wave thin-film
equation incorporating capillary, gravitational, and SAW-induced acoustic stresses. A key feature of the
formulation is a smooth attenuation function that localizes acoustic forcing within the bulk drop while
avoiding spurious transverse discontinuities. Comparisons with results of earlier 2D formulations demon-
strate qualitatively similar dynamics, albeit the additional spatial dimension permits transverse mass
redistribution driven by capillarity, which leads to slower streamwise spreading and slightly lower drop
apexes than predicted by 2D models. The model is applied to SAW induced dynamic wetting of flat sub-
strates and solid obstacles and is representative of experimental geometries. Quantitative comparisons with
experimental observations show good agreement for front propagation and obstacle climbing dynamics. In
particular, improved agreement with the experimentally observed dependence of the liquid climbing time

over obstacles on SAW amplitude is obtained when the fully three-dimensional formulation is used.

1 Introduction

Dynamic wetting and thin-film spreading on solid sub-
strates are central to a wide range of natural and tech-
nological processes. In the context of adaptive, flexible,
and switchable substrates, external actuation provides
a means of modifying wetting dynamics without chang-
ing the liquid itself. One such mechanism is substrate
vibration, which can induce drop deformation, trans-
lation, depinning, and coating flows. In this sense, sur-
face acoustic wave (SAW)-driven spreading represents a
high-frequency realization of switchable wetting, where
the effective substrate forcing is controlled through the
applied acoustic signal.

Classical long-wave theory has long provided a redu-
ced-order framework for describing gravity- and capilla
rity-driven flows, with comprehensive treatments given
by Oron et al. [1] and Craster and Matar [2]. In addi-
tion to these canonical driving mechanisms, mechan-
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ical vibrations of a solid substrate can induce steady
flow in an adjacent liquid through acoustic stream-
ing. In particular, megahertz-frequency Rayleigh sur-
face acoustic waves (SAWs) have emerged as a power-
ful means of actuating droplets and films in microfluidic
systems. Related studies have shown that low-frequency
substrate vibrations can also drive drop motion and
uphill climbing on inclined substrates [3,4]. Although
these works concern vibration-induced wetting rather
than SAW actuation, they illustrate the broader prin-
ciple that substrate motion can be used to control drop
mobility.

The study of steady flow by high-frequency oscil-
latory motion traces back to the classical works of
Rayleigh [5] and Nyborg [6], later formalized in the
acoustic streaming theory of Lighthill [7] and revisited
in modern treatments such as Vanneste and Biihler [8].
When a Rayleigh SAW propagates along a solid sub-
strate in contact with a viscous liquid, part of its energy
leaks into the fluid, generating an attenuated acoustic
field. Quadratic nonlinear interactions of this oscillatory
field produce a steady bulk body force, often referred
to as Eckart streaming, while viscous boundary layers
near the solid surface give rise to Rayleigh streaming.
These mechanisms have been observed and character-
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ized experimentally in a wide range of acoustofluidic
systems [9-12].

SAW-induced transport has been exploited in appli-
cations ranging from microfluidic actuation [13-15] to
thin-film coating and wetting phenomena [16-19]. In
such systems, droplets subjected to SAW excitation
undergo rapid deformation, translation, and spreading,
often leaving behind thin residual films. Despite the
extensive experimental literature, predictive reduced-
order theoretical descriptions that consistently couple
acoustic streaming with capillarity and gravity have
only recently been developed.

Fasano et al. [20] derived a long-wave-type model
for SAW-driven spreading on flat substrates, incor-
porating exponential attenuation of the acoustic field
beneath the liquid bulk. That work demonstrates that
the steady translation speed of a millimeter-scale drop
arises from a balance between capillary reshaping and
a nonconservative acoustic flux generated by stream-
ing. The model captures the experimentally observed
dependence of front speed on SAW amplitude and
clarifies the role of attenuation length in selecting
the drop’s quasi-steady traveling-wave profile. Subse-
quently, Li et al. [21] extended this framework to
account for substrate topography, showing how obsta-
cle geometry modifies attenuation and leads to distinct
coating regimes. Both of these studies, however, are
restricted to two-dimensional (2D) geometries assum-
ing translational invariance in the transverse direc-
tion. In experiments, SAW-driven droplets are inher-
ently three-dimensional (3D): the footprint evolves in
both streamwise and lateral directions, and attenua-
tion varies across the full drop footprint. Extending the
model to three dimensions is not a trivial geometric
generalization. In the 2D formulation, acoustic atten-
uation is applied only within the bulk of the drop by
shifting the attenuation profile downstream of a cut-
off thickness, which represents the transition between
the bulk drop and the thin prewetted layer surround-
ing it. This construction ensures that acoustic forcing
acts only within the bulk drop and not in the surround-
ing film. When extended directly to three dimensions,
however, this sharp switching produces discontinuities
in acoustic forcing across the drop footprint, generating
artificial pressure gradients and unphysical behavior. A
consistent 3D formulation must therefore localize atten-
uation within the bulk while maintaining smoothness in
both streamwise and transverse directions.

The objective of the present work is to construct and
analyze a 3D long-wave model for SAW-driven droplet
dynamics that resolves this attenuation modeling chal-
lenge. Building on the theoretical framework developed
by Fasano et al. [20] and Li et al. [21], we introduce
a smooth streamwise attenuation factor coupled to a
modified Helmholtz equation that eliminates spurious
transverse forcing while preserving the physical expo-
nential decay of the acoustic field. The resulting model
predicts dynamical features absent in 2D, including a
gradual streamwise elongation of the drop footprint
arising from subtle differences in acoustic forcing near
the rear of the drop in the 2D and 3D formulations,
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discussed in detail in Sect.3.2. We compare the pre-
dictions of the 3D model with experimental measure-
ments and with those of the earlier 2D formulation [20].
We find that, while long-time front speeds remain com-
parable, the 3D drop dynamics exhibit distinct tran-
sient behavior and systematic growth in streamwise
extent. By resolving the attenuation structure in 3D,
the present work provides a consistent thin-film frame-
work for describing SAW-driven droplet motion in real-
istic geometries.

The remainder of the paper is structured as follows.
In Sect. 2, we briefly present experimental results that
motivated this study. Then in Sect. 3, we formulate
the 3D long-wave model: Sect.3.1 presents the gov-
erning equations, Sect.3.2 details the construction of
the acoustic attenuation function, and Sect. 3.3 intro-
duces the nondimensionalization employed. We present
numerical results in Sect. 4, including comparison with
experimental measurements and the corresponding 2D
formulation. Finally, Sect. 5 summarizes the main find-
ings and discusses their implications. Technical details
concerning the numerical implementation of the model
described in Sect. 3 are provided in Appendix A.

2 Experiments

The experiments that motivated the present 3D model
were previously reported in detail by Fasano et al. [20]
and Li et al. [21]. Here we provide only a brief descrip-
tion of the experimental configuration and a represen-
tative example illustrating the physical phenomena of
interest. A comparison of selected experimental mea-
surements with model simulations is provided in Sect. 4
later (Fig. 6).

A millimeter-scale thick silicone oil film (kinematic
viscosity range of v = 50 — 500 cSt, oil volume range of
V; =3 — 8 mm?) is placed on a transducer that gener-
ates a propagating surface acoustic wave — a Rayleigh
wave — confined to a depth below the solid surface of
the transducer of approximately two wavelengths. The
acoustic contribution to oil transport is characterized
by the normal displacement amplitude of the substrate
surface by the SAW, denoted A,,. The experimentally
reported SAW amplitude, A,,, corresponds to the max-
imum normal displacement of the lithium niobate sub-
strate surface generated by the propagating Rayleigh
SAW. The substrate displacement is measured using
scanning laser Doppler vibrometry (LDV), which pro-
vides the relation between applied voltage and SAW
amplitude [20,21]. The SAW power is transferred to
the oil film when the SAW in the solid substrate of the
transducer comes into contact with the oil film placed
atop the transducer, as shown in Fig. 1(a) (the wavy
arrow represents the SAW). The SAW diffracts a same-
frequency ultrasound which generates a body force in
the oil film, resulting in bulk streaming, i.e., Eckart
streaming. The oil film deforms and spreads along the
path of the SAW, as shown in Fig. 1(b), leaving a resid-
ual wetting oil film behind. In addition to spreading on
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bump

Fig. 1 Sketch (a) and snapshots (b-d) from a typical
experiment. (a) A surface acoustic wave (SAW) propagates
in the solid substrate (blue); when the SAW encounters an
oil film or an oil drop, power leaks into the liquid (upward
arrow). (b—d) Snapshots of the drop driven forward induced
by the SAW: (b) moving freely, (c) moving over a bump, and
(d) climbing a ramp

a flat substrate [20], experiments were performed on
substrates with prescribed solid topography fabricated
from cured elastomer, Polydimethylsiloxane (PDMS)
[21]. In the present work, we simulate experimentalcon-
figurations in which the advancing oil film encounters
localized (bump, Fig. 1c) or inclined (ramp, Fig. 1d)
obstacles.

Figure 1(b-d) illustrate the various cases of SAW-
driven spreading. For the obstacle experiments in
Fig. 1(c, d): as the drop approaches the obstacle, acous-
tic forcing drives the front contact line upward along
the incline. The interplay between capillarity, gravity,
and SAW-induced forcing determines whether the drop
arrests at a finite height or continues to climb. For suf-
ficiently strong forcing the drop fully coats the obstacle
and continues advancing beyond it; for weaker forcing,
the front becomes arrested. During the translation and
climbing, lateral spreading also occurs, playing a role
not captured by the 2D model [21] and motivating the
development of the present 3D model and simulations.

The experiments presented here serve solely to illus-
trate the qualitative behavior that the present 3D
model seeks to capture. In what follows, we focus on
the formulation and analysis of a fully 3D long-wave
model capable of resolving the transverse structure and
attenuation effects that arise in such configurations.

3 Model

We develop a 3D long-wave model for a viscous oil
drop driven by a Rayleigh-type SAW propagating
in the underlying substrate. The formulation extends
the earlier 2D frameworks [20,21], which themselves
build upon classical treatments of leaky SAW-induced
streaming [8,22]. Since the leading-order acoustics and
streaming derivation are unchanged from those works,
we briefly summarize the key results and focus on the
extension of the acoustic attenuation function to a fully
3D geometry.
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3.1 Governing equations

Following [20,21], we assume a small Mach number
and decompose the velocity, pressure, and density fields
into leading-order quiescent fields, oscillatory first-order
components, and time-averaged second-order compo-
nents. The first-order flow corresponds to an irrota-
tional acoustic field induced by the leaky SAW and
satisfies a damped Helmholtz equation with bound-
ary conditions determined by classical elastic wave
theory in solids [23]. The resulting acoustic velocity
field decays exponentially both along the direction of
propagation (z-axis) and normal to the substrate (z-
axis). Its sole role in the present model is to gener-
ate, through quadratic nonlinear interactions, a non-
zero time-averaged Reynolds stress that drives steady
streaming.

Time-averaging over the acoustic period yields a
second-order Stokes problem forced by the divergence
of the Reynolds stress. As shown in detail in [20,21],
this produces a body force, Fy, with magnitude of the
form

|F,| ~ Pye2keiot5:2) — pi(z, 2), (1)

where the attenuation coefficients (ks ;, K,) depend on
material and wave properties and Py = pgA%w? scales
acoustic (Reynolds) stress generated by the SAW (here,
po is the constant, leading order term in the asymptotic
expansion of the oil film density in the small acoustic
Mach number, w is the angular frequency of the SAW,
and A is the SAW normal displacement amplitude at
the solid surface in the computational domain (to dif-
ferentiate from the same property in the experiment,
which we term A,,). Under a long-wave approximation,
integrating across the film thickness and enforcing a
Laplace pressure boundary condition at the free sur-
face yields an evolution equation for the film height,
h(z,y,t), over a substrate with a topographical obsta-
cle, s(x), of the form

O
5th+V”-Q=0, V|=<a> (2)
Yy

where the flux, Q, consists of both a conservative (Qc,
with capillary, gravitational, and acoustic components)
and a nonconservative (Qy, solely acoustic) contribu-
tion (Q = Q¢ + Quc). The flux contributions are of the
form

QCZ hS
c = ’ = - P7
Q (Qc,y 3V (3)
P
QHC,ZJ = 708[11% W(l’, h + S)
X (2th2 — 14 e25ha - 2th)) , (4)
Quey =0, (5)
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with effective pressure

C.P,
oK,

Pzpog<h+8)—7(7c+lcs>+ U(z,h+s). (6)

In the model, p is the dynamic oil viscosity, g is the
acceleration due to gravity, K and Ks are the mean
curvatures of the oil and of the topographical obsta-
cle, respectively (both under the long-wave approx-
imation). Furthermore, C, is a prefactor of the z-
component of the acoustic force Fg, U(x,h + s) is
an acoustic attenuation function, and the parameter
C = K.C,—ks;C, measures the nonconservative part of
the acoustic force. In earlier 2D formulations [20,21] we
used a different attenuation function (¢); however, here
we slightly modify the definition to account for trans-
verse variations smoothly. The complete expressions fol-
low directly from [20,21] and are not reproduced here
for brevity. Specifically, we point the interested reader
to Section 3.1 and Appendix A of [20] for a detailed
discussion of the acoustic parameters that arise in the
model and their numerical values.

3.2 Modeling acoustic attenuation

The principal modeling challenge in extending the 2D
formulation [21] to 3D lies in constructing an attenua-
tion function that remains consistent across a fully 2D
drop footprint, which is connected with a surrounding
prewetted layer. In experiments, the SAW is apprecia-
bly attenuated only within the bulk of the drop and
obstacle. In the 2D model developed earlier [21], atten-
uation is activated only where h+s > h* (where h* is a
cutoff thickness below which fluid transport is governed
by other mechanisms), with a sharp downstream shift
that eliminates acoustic forcing in the prewetted region
behind the drop.

In 3D, the corresponding cutoff location becomes a
spanwise-dependent level-set curve. A direct extension
of the 2D sharp switching introduces discontinuities in
the transverse, y-direction, producing spurious trans-
verse pressure gradients and numerical artifacts in the
prewetted regions. To avoid this, we introduce two cou-
pled smoothing mechanisms. First, a streamwise atten-
uation factor ¥* which satisfies

Dut)® + 2ky 1 Hy ((h+s) . h*)w -0, o7

where Hg is a smooth approximation of the Heaviside
function that transitions from 0 to 1 across a narrow
region of thickness O(d) around h + s = h*, ensuring
a continuous activation of acoustic forcing within the
bulk of the film. This produces an attenuation func-
tion identical to that used in the 2D formulation and
thus still inherently leads to spurious transverse pres-
sure gradients in the prewetted layer. To regularize this
transition and maintain smooth forcing across the foot-
print, we introduce a further smoothing field G(z,y, t)
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defined by the Helmholtz-type equation
fééVﬁG+G:H5((h+s) —h*), 8)

with no-flux boundary conditions G, = 0 = G, applied
at the edges of the computational domain. Here, dg
sets the characteristic length scale over which the tran-
sition between attenuated and non-attenuated regions
is smoothed. Since this smoothing is introduced purely
for numerical regularization, ¢ does not correspond to
a physical parameter. In practice, its value is selected
through a convergence study: starting from a value that
yields stable and computationally efficient simulations,
d¢ is systematically reduced until further decreases pro-
duce only negligible changes in the solution while main-
taining numerical stability. The effective attenuation
factor entering the pressure and nonconservative flux
is then

U = Go® exp(—2K, (h + s — h*)), 9)

where G is the solution of Eq. 8. This construction pre-
serves the intended bulk attenuation while maintaining
smoothness in both streamwise and transverse direc-
tions. In all numerical simulations of Egs. (2)—(6), we
use Eq. (9) to model ¥. The dynamical implications of
this modification are discussed in Sect. 4.

3.3 Nondimensionalization

The problem is nondimensionalized using a single
length scale ¢, pressure scale v/¢, and time scale 3p/~;
all acoustic attenuation factors (ks i, K,) and acoustic
forcing prefactors (C,,C,) are scaled by ¢ while C is
scaled by ¢2. The nondimensional governing equation is
then of the form

Oth+V - ( - thHP + an) =0, (10)
3S
an,a: - _C 87@ \I/({L'7 h + S)
x (2K2h* — 1+ 2K"(1 - 2K.h)), (11)
an,y = 0, (12)

with

P —(/c+/cs) +Bo (h+s) n ggz\lf(a:,h+s),
’ (13)
_ pogt? Fol

Bo , S=—, 14
Y Y (14)

where Bo is the Bond number measuring the ratio of
gravitational to capillary forces, ¥ as defined by Eq. (9),
and S is a nondimensional parameter measuring the
relative strengths of the SAW-induced acoustic stress
and surface tension. The parameter values used in the
simulations are summarized in Table 1.
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Table 1 Dimensional, nondimensional, and numerical
parameters used in simulations. Unless otherwise stated,
all parameters are held fixed; only the forcing parameter
S varies with acoustic amplitude A

Dimensional parameters Nondimensional parameters

v = 50 cSt Bo =0.45
v =20.8 dyn/cm K. =0.28
po = 0.96 g/cm? ks = 0.37
g=9.8m/s? Cy =0.15
w = 125.7 MHz C, =042
A =0.8—6 nm C=-0.11
A, = 0.64—1.92 nm S =0.47—26.24
/=1 mm

Numerical parameters

h. =0.017

hp = 0.01

hq = 0.497

Td = 3.2

S =5x%x107°

Va=38

4 Numerical results

In this section, we discuss the predictions of the model
developed in Sect. 3 and compare them with both exper-
imental observations and the previously developed 2D
formulation of Fasano et al. [20]. Particular emphasis is
placed on identifying dynamical differences that arise
from the additional spatial dimension and from the
modified acoustic attenuation construction described in
Sect. 3.2. In our simulations, we solve Eq. (10) coupled
to Egs. (7) and (8) with effective pressure defined by
Eq. (13). As the initial condition, we consider a 3D
parabolic drop of the form

h(z,y,0) = hp, + (hd — hp)

(x —x4)® + (y — ya)? 0)

2

X max (1 —
Td

where hy, = 0.01 is the prewetted film thickness, hq =
(2V4)/(wr?) is the maximum height of the drop, (24, ya)
is the center of the drop, and rq4 = 3.2 is the initial drop
radius. At all domain boundaries, we impose h = hy
with a zero-normal-flux condition, so that the prewet-
ted layer thickness is maintained at the boundary and
no net mass crosses the boundary. The computational
domain z € [0,W,] and y € [0, W,] was chosen on a
case-by-case basis, with W, and W, sufficiently large
that the evolving film did not interact with the bound-
aries over the full simulated time interval. Across the
simulations reported here W, ranged from 16 to 20
while W, = 16 in all cases.
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Fig. 2 (a)—(d) Evolution of thickness profile, h(z,y,t), for
A = 2 nm on a flat substrate (s = 0). (e) Snapshots of
the thickness profile along the midline y = W, /2; the black
solid line corresponds to the initial condition, the dashed
black lines to the profiles at output time steps At = 1 s,
and the solid blue line to ¢ = 6 s. The red line shows the
effective pressure, P, at t = 6 s. (f) Contour plot of the drop
thickness at t =6 s

4.1 Spreading on a flat substrate

We first consider spreading on a flat substrate (s = 0)
for an oil drop of volume Vg = 8 mm?® subjected to
SAW forcing of amplitude A = 2 nm. Figure2(a)—(d)
shows snapshots of the drop thickness h(z,y,t) as the
drop translates in the direction of wave propagation
(which is always —+x). In these plots, the prewetted
layer is shaded gray while the bulk thickness is rep-
resented using the accompanying colorbar. Specifically,
grid points satisfying h < h, +e€ are rendered in gray. In
the flat-substrate simulations, we take € = 0.005, while
for the obstacle cases (s # 0) a slightly larger value
e = 0.02 is used to ensure a clear separation between
the prewetted layer and the bulk film. This allows the
thin residual film left behind the advancing drop (of
thickness h, S h < h*) to be clearly distinguished from
the thicker bulk region (see Fig. 2b—d). The thickness of
this residual film depends on the value of h* and repre-
sents the fluid thickness below which the mechanism of
Eckart streaming becomes weak and mass transport is
dominated by capillary contributions and other weak
acoustic effects (e.g. Rayleigh streaming and acous-
tic radiation pressure), which are shadowed by Eckart
streaming when the film is thicker. The spreading pro-
cess separates the fluid into three distinct regions: the
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prewetted layer (shown in gray), the thin residual film
left behind by the advancing drop (dark blue puddle),
and the bulk drop itself. As the drop advances, fluid
is continuously deposited into the residual film along
the sides of the footprint, which evolves anisotropically
as the drop advances. Its extent in the streamwise x-
direction increases while the solution remains symmet-
ric with respect to the symmetry line y = W, /2. The
streamwise growth of the footprint is a distinctive fea-
ture of the 3D simulations and results from the modified
modeling of the attenuation function ¥ in the present
formulation compared with the attenuation function v
used in the earlier 2D model [20].

Figure 2(e) shows cross-sections of the thickness pro-
file along y = W, /2 at successive times. Comparing the
solid black curve (initial condition) to the solid blue
curve (solution at ¢ = 6 s), one can clearly see an
increase in width in the streamwise direction. In both
the 2D and the present 3D formulation, the acoustic
forcing vanishes in the prewetted layer since the atten-
uation function is spatially constant. However, in the
2D model the transition from the bulk to the prewet-
ted layer is effectively sharp, so no forcing is generated
near the rear of the drop. In contrast, the 3D atten-
uation is constructed to vary smoothly, which intro-
duces a small but finite gradient in this transition region
and thus a weak additional forcing near the rear. This
effect is reflected in the pressure profile shown. Fig-
ure2(f) shows a contour plot of the drop above the
symmetry line y = W, /2. The contours illustrate the
anisotropic spreading of the drop footprint: while the
residual film extends laterally in the y-direction, the
bulk drop remains concentrated near the symmetry line
and elongates in the streamwise z-direction.

To quantify the influence of spatial dimensionality
(2D versus 3D), we compare in Fig. 3(a) the front posi-
tion predicted by the present 3D model with the results
obtained from the 2D formulation [20]. The front loca-
tion xf(t) is defined as the rightmost point at which
h = h*; in practice, for the 3D model, this location
is determined numerically along the line of symmetry
y = W, /2 by identifying the furthest downstream cross-
ing of the level set. The two models predict qualitatively
similar behavior, but quantitative differences arise dur-
ing the early transient stage. During this period, the
initially symmetric drop (circular in footprint) deforms
into an asymmetric shape as it translates under acous-
tic forcing. In particular, the 3D model predicts a
slightly slower advance of the front during the early
stages of spreading. At longer times the propagation
speeds predicted by the two models become compara-
ble. We attribute this difference to the fact that in the
3D geometry fluid is allowed to redistribute laterally
in the y-direction. Capillary forces therefore promote
transverse spreading of the drop, which reduces the
amount of fluid transported in the streamwise direc-
tion and thereby slows the front’s advance. Addition-
ally, in the 3D formulation, the small but finite gradi-
ent in the acoustic attenuation function in the transi-
tion region near the rear of the drop introduced by the
smooth attenuation profile, produces a weak opposing

@ Springer

Eur. Phys. J. E (2026) 49:54

3.0 “*[Dashed: 2D
25 Solid: 3D K
=20
E1s5
510
05 00
00 [ R R R 0 3 10 15
t s x [mm]
(a) (b)

Fig. 3 (a) Comparison of front position of drops on flat
substrates for 2D (dashed lines) and 3D models (solid lines).
(b) Height profiles for A = 1.6 nm at ¢ = 6 s where the
dashed curve denotes the 2D model and the solid curve the
3D model

pressure gradient that reduces the local acoustic forcing
and slows the rear relative to the front. As a result, fluid
is transported forward while the rear region advances
more slowly (relative to the 2D formulation), produc-
ing a modest streamwise elongation of the drop foot-
print compared with the 2D model. These effects are
further illustrated in Fig. 3(b), which compares height
profiles from the two models at t = 6 s (where for the
3D model we plot the solution along the line of sym-
metry y = W, /2). The 3D solution exhibits a slightly
lower apex height, which reflects the redistribution of
mass in the y-direction, and a slightly wider profile.

4.2 Spreading over a ramp obstacle

We next investigate spreading over a ramp-shaped
obstacle, designed to approximate the experimental
geometry of Fig. 1(d). The ramp is modeled by the
profile:

z < Zo,

0,
5i(x) = ho (g —24), x> a0, (16)

Wo

with a smoothing region near z = z, of width 0.5 to
ensure continuous first and second derivatives; we use
the parameters h, = 3.2, w, = 3.5, and z, = 10.5.
Figure 4(a)—(d) shows snapshots of the evolving surface
H = h + s, at several times during the simulation for
SAW amplitude A = 1 nm. In these plots, the verti-
cal coordinate corresponds to the total surface height,
H (measured from z = 0), while the colorbar repre-
sents the film thickness, h. This representation allows
for small variations in film thickness to be distinguished
even in regions where the surface height is dominated by
the underlying ramp geometry. As in the flat-substrate
case, the solution remains symmetric about the mid-
line y = W, /2 because the ramp profile is independent
of y. Climbing behavior can be characterized by track-
ing the front’s location along the line of symmetry. The
front climbing height is defined as H¢(t) = s, (zf (1)),
where zf(t) is the front position defined by the condi-
tion h(zf(t), W,/2,t) = h*.

For relatively small forcing amplitudes (such as the
case A = 1 nm shown here), the drop quite quickly
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Fig. 4 (a)—(d) Snapshots of the surface, H = h + s;, plot-
ted at specified times with the colorbar indicating film thick-
ness, h, so small variations in film thickness are easily identi-
fiable. (e) Contour plot of film thickness, h, for A = 1 nm at
t = 15 s; the dashed black line denotes the start of the ramp
obstacle. (f) Climbing height, Hf, as a function of time for
oil drops on a ramp where the dashed curves indicate the
2D results and solid curves the 3D results

reaches a point where it can no longer climb up the
ramp due to a balance between gravity, capillarity, and
acoustic forcing at the advancing front. In this regime,
the acoustic forcing is strongly attenuated near the
front due to the increased film thickness (arising from
the ramp geometry), and capillary effects dominate the
subsequent dynamics. As a result, the fluid redistributes
laterally and the drop spreads in the transverse (y)
direction, as seen in Fig. 4(d).

Figure4(e) shows a contour plot of the solution at
t = 15 s, further displaying the tendency for the drop
to spread laterally when its front becomes arrested;
the dashed black line indicates the start of the ramp
obstacle. Figure 4(f) shows the resulting climbing height
as a function of time for several forcing amplitudes.
The dashed curves correspond to predictions of the 2D
model, while the solid curves show the results obtained
from the present 3D formulation. Since the 3D model
allows transverse mass redistribution, the drop spreads
laterally when the front becomes arrested, leading to a
reduced asymptotic climbing height for all amplitudes
when compared with the 2D predictions.

4.3 Spreading over a bump obstacle

We next consider the spreading of an oil drop over
a bump-shaped obstacle, modeled as before after an
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Fig. 5 (a)-(d) Evolution of thickness profile atop bump
obstacle, H = h + sp, for A = 4 nm. (e) Snapshots of the
thickness profile along the midline y = W, /2; the black solid
line corresponds to the initial condition, the dashed black
lines to the profiles at time intervals At = 2 s, and the
solid blue line to t = 6 s. The red line shows the effective
pressure, P, at t = 6 s, while the magenta line represents
the solid obstacle. (f) Contour plot of the film thickness, h,
for A =4 nm at t = 6 s; the dashed black lines denote the
start and end of the bump obstacle
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experiment, and defined in simulations by a parabolic
shape profile

where we set x, = 11.5, h, = 0.33, and w, = 2.8. In
contrast to the ramp considered in Sect. 4.2, the bump
geometry introduces both an uphill and downhill region
which produces new and interesting dynamics.

Figure 5(a)—(d) shows representative snapshots of the
total thickness, H = h + sy, for A = 4 nm. As the front
encounters the obstacle, fluid accumulates on the ups-
lope of the bump and the leading edge steepens. Con-
tinued acoustic forcing drives the drop over the crest of
the obstacle, after which the bulk of the fluid spreads
downstream while leaving a thin residual film behind
(dark blue puddle). Figure 5(e) shows the evolution of
the thickness profile along the symmetry line y = W, /2.
The dashed curves denote intermediate profiles while
the solid blue curve shows the solution at ¢t = 6 s.
The effective pressure distribution (red curve) reveals a
strong pressure gradient near the leading edge due to
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Fig. 6 Climbing time, 7, as a function of the SAW ampli-
tude for a bump with height, h, = 0.33, and width, w, =
2.8. Experimental measurements are shown by black cir-
cles, while numerical results from the 2D and 3D models
are shown by red and blue squares, respectively. The dashed
lines denote power-law fits of the form, 7 = aA®, where A
represents A for simulations and A,, for experiments. The
exponents are bexp = —2.29, bop = —2.44, and bsp = —2.39

the curvature of the front, which drives the front for-
ward even when the streamwise width of the drop is
large enough that the acoustic force is nearly entirely
attenuated. The lateral redistribution of fluid is further
illustrated by the contour plot of the thickness field
shown in Fig. 5(f). One key feature evident in this plot
is the lateral broadening of the drop as the bulk passes
over the bump obstacle, due to capillary forces domi-
nating during this phase of the simulation in the region
of the drop where acoustic forcing is nearly fully atten-
uated.

A key experimentally measurable quantity for this
geometry is the climbing time, 7, defined as the time
required for the front contact line to traverse the bump.
Figure 6 shows the resulting climbing time as a function
of SAW amplitude for experiments (black circles) [21],
the 2D model (red squares) [21], and the 3D model (blue
squares). Both simulations and experiments show a pro-
nounced decrease in climbing time as the forcing ampli-
tude increases. Power-law fits of the form 7 = a A’ are
indicated by dashed lines in Fig. 6, showing good quan-
titative agreement with both formulations and a slight
improvement when a fully 3D model is considered.

We note, however, that quantitative differences bet
ween experiments and simulations remain, since repro-
ducing the experimentally observed dynamics requires
larger values of the SAW amplitude in the fluid, A,
than the experimentally measured normal displacement
of the substrate, A,. Similar discrepancies were also
observed in the earlier 2D formulations of Fasano et
al. [20]. Possible sources of these differences include the
omission of inertial effects from the present leading-
order long-wave model, neglected contributions from
boundary-layer-driven streaming near the solid sub-
strate, capillary waves at the free surface, and the
neglect of ultrasound reflection from the free surface
of the liquid. A detailed investigation of the relation
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between A and A,, and of the relative importance of
these effects, is left for future work.

5 Conclusions

We have extended the 2D long-wave model of SAW-
driven thin-film spreading to a fully 3D framework that
captures transverse structure and lateral mass distribu-
tion. The model incorporates acoustic forcing through a
spatially attenuated streaming profile and predicts the
evolution of the film thickness, h(z,y,t). The 3D simu-
lations show that transverse curvature and lateral flux
redistribution influence the spreading dynamics, par-
ticularly near the advancing front. Specifically, the 3D
formulation captures variations in the drop footprint
across the transverse direction that are absent in the
earlier 2D model.

Comparison with the 2D formulation reveals that the
fully 3D model leads to slower fronts and lower drop
apexes, due to capillary spreading in the transverse
direction. In the case of a ramp obstacle, the 3D model
captures transverse spreading when front propagation
is arrested, in qualitative agreement with experimen-
tal observations. In the case of bump obstacles, the 3D
model shows improvement (relative to the 2D model) in
quantitative agreement for the power-law dependence
of the climbing time on SAW amplitude.
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tains supplementary material available at https://doi.org/
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A Computational implementation

Equation (10) is written in a form convenient for the use
of COMSOL™ Multiphysics PDE Coefficients Form. This
package solves, by finite elements, a vectorial equation for
the vector 4 = (u1,us,.. .,uN)T. The equation is of the

form
e@+d@+v~(fcva'faﬁ+ )+ BVi+ai="f
oz " o K A

(18)

where the coefficients of the N scalar equations are in the
matrices e, d, v, a (of dimensions N x N), «, 3 (of dimen-
sions N x N xn), ¢ (of dimensions N x N x n x n) and the
vector f (of dimension N), where n is the spatial dimension
of the problem (n = 1,2, 3). In index notation, this equation

reads as

o Lus g Oy O Dy
i 12 ij ot 8171 ”kl&vk il Uj Vil

Ows
+ ﬁijlaizj +aijuj = fi, (19)

where 7,7 =1....,Nand k,l =1,...,n.

The considered system, given by Eq. (10), contains four
components u = (h,P,¥*,G) (N = 4) and we use four
equations, namely, Egs. (10), (13), (7), and (8) for (n =
2), corresponding to the solution depending on two spatial
variables, (z,y).

In the following, we list the non-vanishing coefficients:

e Row 1 (i =1) for Eq. (10)

din =1, ci211 = ci202 = h37
= _c%w(szhQ e - 2th))
(20)
e Row 2 (i = 2) for Eq. (13)
C2111 = C2122 = —1, a21 = —Bo,
azz =1, fa= ;S‘IC(’:‘I’ (21)
e Row 3 (i = 3) for Eq. (7)
Bsz1 =1, ass=2ks;Hs((h+s)—h") (22)
e Row 4 (i = 4) for Eq. (8)
C4411 = C4422 = 52;7 ass =1,
Ja=Hs((h+s)—h") (23)

At the domain boundaries, we apply Dirichlet boundary
conditions h = hp, where h;, is the prewetted film thick-
ness, and 0h/On = 0. It is well known (see, e.g. [24]) that
the step size Ax in the spatial discretization should be sim-
ilar to hp to ensure numerical convergence, and therefore
we use Az = hp in our simulations. All reported results are
obtained using h, = 0.01.
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