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Membrane filtration, a crucial and widely used industrial process, has attracted significant attention in
mathematical modeling. Previous theoretical endeavors have posited the internal structure of membrane filters as
a network of cylindrical pores, with fouling characterized as the gradual accumulation of fouling particles on the
inner walls of these pores. Subsequently, membrane filter performance was evaluated employing metrics such
as total throughput and accumulated foulant concentration throughout the filter’s lifespan; and the correlation
between such metrics and certain network properties, such as porosity and tortuosity, was analyzed. In this
work, we analyze the correlation between the performance of such networks and their topological characteristics,
with the objective of identifying the most pertinent topological features for membrane filter design for a fixed
porosity setup. Persistent homology serves as our primary instrument for quantifying topological features.
Specifically, we generate persistence diagrams for the pore networks utilizing thresholding based on the pore
radii. The data encoded in these persistence diagrams are then statistically correlated with the performance
metrics. We identify a strong correlation between total throughput and our topological measures and demonstrate
explicitly that membrane topology significantly influences filtration performance, distinct from the effects of
membrane geometry. We also report a strong positive correlation between total throughput and accumulated
foulant concentration and find that, for fixed porosity setups as used in this work, tortuosity does not provide a

useful measure for permeability.
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I. INTRODUCTION

Membrane filtration is an important and ubiquitous process
in industrial applications, used in a wide variety of industrial
systems such as water purification [1], air filtration [2], and
wastewater treatment [3]. Membrane filters used for these
purposes come in a wide variety of architectures, including
single-layer thin porous films [4], multilayered porous mem-
branes [5], large-scale continuous sheets of layered fibrous
material [6-8], and deformable porous media [9].

A profusion of models have been developed in recent years
to describe the structure and function of these membrane fil-
ters [10—13]. Earlier attempts to model the internal complexity
of pores in membrane filters include simple homogenized
theoretical models consisting of multiple layers of hetero-
geneous porous materials [5,14], and simple pore-branching
structures that can admit porosity and/or pore-size gradients
[15-18]. Recent advances in imaging techniques have made
it possible to compare more accurately theoretical models to
experimental findings [19,20], and to extract pore network
structures from real images (see, e.g., Fig. 1, adapted from
Kelly et al. [21]). The present work builds on earlier research
that models the internal structure of membrane filters as a
random network of pores [15,21-24]. In particular, we follow
the approach of Gu et al. [23,24], who studied artificially
generated random pore networks comprising cylindrical pores
whose initial radii are drawn from a uniform probability dis-
tribution, with fouling modeled as an adsorption process; i.e.,
a gradual accretion of fouling particles on the inner walls of
the pores. Simulation-based approaches were used to mea-
sure membrane filter performance, using metrics such as total
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filtrate throughput over the filter lifetime and accumulated
foulant concentration in the filtrate, with a view to improving
membrane filter design.

The main thrust of the present work involves the use of
an algebraic topological tool called persistent homology; in
particular, we use mathematical objects known as persistence
diagrams (PDs), widely used in a burgeoning field known
as topological data analysis (TDA). TDA is used in many
applications, including image analysis [25], signal analysis
[26], and the study of viral evolution [27]. Here, PDs and
measures derived from them will be used to identify and probe
correlations between the performance of membrane filters and
their pore topology.

The paper is structured as follows: In Sec. II, we describe
the generation of our pore networks and the simulation of
filtration through them. This process involves modeling fluid
flow through the network and the advection and adsorption
of foulant particles within it. Subsequently, we provide a
high-level overview of persistence diagrams and the relevant
derived measures. In Sec. III, we present our main find-
ings, focusing on exploring the correlations between topology,
geometry, and the filtration performance of pore networks.
Finally, in Sec. IV, we summarize the key findings and draw
conclusions. Auxiliary aspects of the problem are presented in
a series of Appendixes.

II. METHODS

This section describes the methods employed to carry out
the research presented in the rest of the paper. Section II A

©2026 American Physical Society
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FIG. 1. A pore network representative of the network type we
consider, from Kelly ez al. [21].

discusses appropriate scalings and presents the mathematical
model for particle-laden fluid flow through a single pore,
where the foulant particles are advected with the flow and
adsorbed at the pore wall. In Sec. II B we extend the model
to arbitrary networks of pores and detail the methods used
to generate the networks and characterize their properties.
Finally, in Sec. IIC we introduce persistence diagrams and
their use as indicators of filtration performance.

A. Filtration in a single pore

We model filtration of particle-laden fluid through a
membrane filter under a specified (constant) pressure drop,
although the formulation can be readily modified to a spec-
ified flux scenario instead. We first describe the filtration
and fouling process in a single, nearly cylindrical, pore. The
fluid to be filtered, known as the feed, flows through a pore
in the network, advecting foulant particles (to be removed)
as it flows. The foulant particles adsorb to the pore’s inner
surface at a certain rate; this particle accretion is used to
calculate an update to the local pore radius at each time
step (described further below), until the radius goes to zero
at some location and the pore is deemed closed. We leave
the study of more complicated models of filtration (which
may include other types of fouling, or particle desorption) for
future work; in the present work, we focus on the scenario
outlined above.

Figure 2 schematizes our basic network building block:
a pore of length L and radius R(Y,T), where Y is a lo-
cal variable that measures distance from the pore inlet. The
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FIG. 2. A sketch of nearly cylindrical pore geometry, depicting
a pore of length L and nearly constant radius R(Y, T). Y is a local
variable that measures distance from the pore’s inlet.

FIG. 3. A full 3D image of a typical (virtual) membrane filter
network.

sketch depicts advection of multiple small foulant particles
through the pore, which adsorb to the pore’s inner surface at
a rate determined by a parameter A, which has dimensions
of length/time [23] and is a measure of the affinity between
particles and membrane material. In this model of particle
adsorption the foulant particles “melt” smoothly into the pore
wall, maintaining a circular cross-section while conserving
solid mass. We will further discuss the assumptions inherent
in this adsorption model when we describe pore shrinkage
below.

With these definitions in place, we introduce the scalings
used to nondimensionalize our model. We assume that each
pore is part of a large network, embedded in a cubical unit
of membrane filter of side-length W. We scale all distances,
including pore length, radius and the local length variable
Y, by W, making the membrane filter element a unit cube;
see Fig. 3. The pressure P at the inlet (or outlet) is scaled
with the (constant) pressure Py at the upstream surface of
the membrane filter, and foulant concentration C is scaled
with the concentration Cy of foulant in the feed solution. For
the timescale we choose the characteristic time of the pore
shrinkage due to particle adsorption, W/(a¢ ACy) (where « is
the effective volume occupied by a particle once deposited
on the pore wall, see Ref. [23]). The scaling for the flux
through the membrane unit is based on the maximum flux that
a pressure difference Py could induce through the membrane,
for a fluid of viscosity w.

The dimensional variables in the model are listed in Ta-
ble I. Based on the above discussion, we define corresponding
dimensionless variables and a dimensionless parameter A that
emerges, as follows:

({ ) L (L,R,Y) P < €Y)
, 1, = , IX, N = , Cc = N
V=W P=% Co
aACy 8w 8u
t = T. ¢= o= 2
% 1= w2 WP, @

Here, uppercase quantities are dimensional, and the lowercase
analogs are the dimensionless equivalents; Q (gq) is the flux
through the pore. In the following, we present our model with
respect to the dimensionless variables.
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TABLE I. Dimensional quantities used in the filtration model.

Pore length

Pore radius

Side-length of the cubic filter unit
Fluid pressure

Pressure at the membrane top surface
Particle volume divided by 27

RV E XS

(0] Flux through pore

C Concentration of foulant particles

7 Fluid viscosity

A Affinity between foulant particle and pore wall
T Time

Go Foulant concentration in the feed solution

Since the full Navier-Stokes equations for fluid flow are com-
plicated and nonlinear, and thus computationally expensive to
solve (especially if we are to simulate flow through thousands
of connected pores, on many different networks), we use the
Hagen-Poiseuille (H-P) approximation instead. This approxi-
mation provides a simple, linear model of fluid flow through
a pore and gives the fluid flux ¢ in terms of the pressures pj,
and poy at the pore’s inlet and outlet, respectively, and the
conductance k of the pore (a measure of how effectively the
pore can transport fluid) as

q= k(pin - pout)- (3)

The H-P approximation requires that the flow have low
Reynolds number (satisfied in most common liquid filtration
scenarios) and that the radius of each pore be sufficiently small
compared to its length. This second condition is discussed in
Appendix A.

As fluid transits a pore in the axial (y) direction, it advects
foulant particles, which adsorb onto the inner pore wall at
a rate characterized by the dimensionless parameter A; this
process is called adsorptive fouling. The concentration c(y, t)
of foulant particles in a pore is assumed to obey the following
steady-state advection equation [23]:

dc
qg— = —irc, 0<y</|, (4a)

dy
c(0, 1) := cin(1), (4b)

where cj, (¢) is the concentration of foulant particles at the pore
inlet and r = r(y, t) is the local pore radius. The right-hand
side of Eq. (4a) is a sink term that models the deposition
of foulant particles at the pore wall. Inherent in this model
is the assumption stated earlier, that particles deposited at a
given y-location “melt” into the wall, contributing to a mass-
conserving change in the local pore radius. Equations (4)
admit the following analytic solution:

A y
c(y,t) = cin(t) exp (——/ r(y, t)dy’>, 0<y<l,
q Jo
)

for any pore shape r(y,t). Equation (5) tells us how much
foulant is adsorbed at the pore wall, which allows us to evolve
the pore’s local radius, as discussed next.

The prior work on which we build [15,23,24] made the simpli-
fying assumption that pores are initially circularly cylindrical,
and remain so over time while shrinking due to fouling. While
convenient (permitting significant analytical progress and effi-
cient numerical implementation on large-scale networks), this
model leads to some degree of error: in reality [as is evident
from Eq. (5)] pores shrink faster at their inlets, where foulant
concentration is highest. In the present work we improve on

that model by assuming that pores evolve as sections of a
circular cone, with local linear radius function given by

r(y,t) =a)+bt)y, 0<y</, (6)

where the coefficients a(¢) and b(¢) evolve according to a
system of ordinary differential equations (ODEs), derived in
Appendix B. These ODEs are obtained by imposing (i) the
condition that the pore shrinkage rate at the inlet (y = 0)
is determined by the local foulant concentration and corre-
sponding deposition rate there (which fixes a(t)); and (ii) a
mass-conservation condition that ensures the net volume of
deposited foulant particles over the entire pore equals the
change in volume of the pore (which fixes b(z)). We also
enforce the condition that b(0) = 0, i.e., that each pore is
cylindrical at the beginning of the filtration process. This
linear pore model, while still inexact, is much cheaper com-
putationally than solving for the true nonlinear pore evolution,
while substantially improving on the accuracy of the cylindri-
cal pore approximation.

Using Eq. (6) as our pore radius function, we have the follow-
ing expression for the conductance k:

b 3a3(t)b(1)
— 4 —
‘= <./0 ' (y’t)dy) = T @o/an+eony” 7

where the first equality is the definition of conductance for
an axisymmetric, variable-radius pore [16]. We can now also
give an explicit version of Eq. (5):

(-5 e+ 5))
c(y, 1) = cin(t) exp ~ at)yy+ —y )], 0<y<lL

2
®)

Equation (8) suggests that the true pore radius profile should
evolve as an exponential, since foulant particle concentration
is distributed exponentially along the length of a pore. Clearly,
our linear pore model is an approximation of the true pore ra-
dius evolution; however, since we constrain the pores to have
small radii relative to their length, the decay of the exponential
is small relative to the pore length, making its profile close to
linear overall.

We note that the nondimensional affinity coefficient X is the
key parameter in our final fouling model. The choice of A con-
trols how deeply foulant particles penetrate the pore network:
a larger value will lead to heavy fouling at the upstream side
of the filter, corresponding to inefficient use of the filter and
a short filter lifetime; a smaller value allows foulant particles
to penetrate the filter more deeply, allowing for more efficient
use of the filter and extended lifetime (possibly at the cost of
more foulant particles escaping the filter). Following the work
of Gu et al. [24], we set A = 5 x 1077 for all simulations in
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this paper. For further study of the effect of this parameter we
refer the reader to earlier work by Sanaei ef al. [16,28].

B. Pore networks

Now we extend the ideas described in Sec. II A to pore
networks, coupled systems of many (possibly thousands of)
pores, connected through junctions (see Appendix A for de-
tails on how our networks are generated). The vertices v; in
our network are enumerated, and we denote by e;; = (v;, v;)
the edge joining vertices v; and v;; each edge corresponds
to a pore in the network and each vertex to a pore junction;
the set of all edges (pores) is denoted by E and the set of
all vertices (junctions) by V. Flow through the network is
simulated by solving the H-P equation (3) in each pore e¢;;,
with inlet pressure p;, = p; and outlet pressure poy = p;, and
continuity of flux imposed at pore junctions (total incoming
flux must equal total outgoing flux). This leads to a linear
algebraic system for the pressure at each vertex, formulated
in terms of the graph Laplacian (the discrete analog of the
Laplacian). The subset of V consisting of pore inlets in the
upstream membrane surface is denoted V;,, and the set of
outlets in the downstream surface is Vo the system is closed
by imposing the pressures at the inlets v; € Vi, and outlets
vj € Vour. With the fluid dynamics determined one can then
solve for foulant concentration and pore shrinkage. For more
details on how these calculations are performed, see Ref. [23]
and Appendix A.

We examine two filtration performance metrics in this
work. The first is volumetric throughput h(t), which is the
volume of filtered fluid (filtrate) that has passed through the
membrane from the start of filtration up to any given time 7.
It is calculated by integrating the total flux go, through all
outlets v; € Vo, over time ¢:

h(t) = / Gour(t")dt’, (%a)
0

QOut(t) = Z Z

v;€Vour v;: (v;,v; )€E

qij (1), (9b)

where g;;(t) is the flux in pore e;;. The second performance
metric we study is accumulated foulant concentration, which
is the number of foulant particles per unit volume of collected
filtrate, accumulated up to time ¢:

o Cout)qou@dt’
o qow@)dt’

Cacm(t) = s (10)

where

D0, Vo 2oty (v ek €104 (1)
Gout () )

Here, ¢y (?) is the instantaneous foulant concentration in the
fluid exiting the filter at time ¢, and c;(¢) is the foulant con-
centration at vertex v;. In Sec. III, the time ¢ at which we
evaluate /1 and c,., 1S chosen to be fq,,, here defined as the
time at which the flux through the filter falls to 1% of its
value at = 0 due to fouling, and the simulation is stopped.
In this case we refer to h and cue as fotal throughput and
total accumulated concentration, respectively—although in

1)

Cout (t ) =

the following we often refer to them as simply throughput and
concentration.

Previous research has identified certain pore network prop-
erties as being reliable indicators of filtration efficiency. Gu
et al. [23,24] found that a very strong determinant of filter
performance is porosity ¢, the relative void volume of the
membrane, i.e., the sum of the volumes of all the pores in
a network, divided by the total volume of the filter in which
the network is embedded. In terms of our nondimensional
variables,

p=m > il (12)

(vi,v;)eE

To remove confounding effects related to porosity variations,
in this work we fix it to a specific value, ¢ = 0.6, throughout,
except the small-network results of Sec. III C). We note that
the main features of the results do not depend on this par-
ticular choice for porosity; for example, we have carried out
computations with much smaller value ¢ = 0.2 and obtained
consistent results.

To assign pore radii such that we can simultaneously mimic
the pore size variations seen in real filters while keeping
network porosity fixed, we first generate a random variable
ni; for each pore, then find a global scaling factor 7. such
that 7;; = rycaenij and ¢ = ¢ (the prescribed porosity value).
Given ¢, we perform the following simple calculation to find
the corresponding rcae:

12
on
do =72 S 0Pl = ree = | ——22 | . (13)

This is the procedure used to generate the radii underlying the
results in Sec. II1.

Note that in the earlier work, Gu et al. [24] drew the
pore radii from a (truncated) uniform distribution, whereas
the distribution of real membrane network pores is known to
be skewed. The log-normal distribution is considered to be a
suitable choice for such skewed distributions [29-31], so in
the present work the random variables #;; are drawn from a
log-normal distribution. Further discussion on this point can
be found in Appendix D.

Another property previously found to correlate rather
strongly with filtration performance is fortuosity t, the mean
distance that a fluid particle in the feed travels as it tran-
sits the membrane (normalized by the membrane thickness)
[15,23,24]. However, as discussed in Appendix D, tortuosity
turns out not to be a good predictor of performance for the
present setup which focuses (in contrast to the earlier works
[15,23,24]) to a fixed porosity setup. Our understanding is that
porosity value influences performance overwhelmingly, and
therefore masks the effect of other filter descriptors, such as
its geometry or topology.

Following Gu et al. [24], we consider two sources of ran-
domness in network filters: network variations, the variations
in particular network structures generated using the algorithm
described in Appendix A; and noise variations, the variations
in the initial random assignation of radii to a network’s pores.
To distinguish the effects of each of these types of variation we
use two sets of data: one for the network variations, in which
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1000 different networks are generated, each with different
network structures and unique sets of (randomly assigned)
pore radii; and one for the noise variations, in which a single
“typical” network is chosen from the 1000 mentioned above,
and to which 1000 different random sets of pore radii (from
the same distribution) are assigned. The results in Sec. III
will focus on network variations for the sake of brevity, but
a comparison of network and noise variations is presented in
Appendix D.

For the noise variations, Gu et al. [24] chose “typical”
networks by finding the network whose porosity was clos-
est to the mean; however, since we fix porosity, “typical”
networks are here chosen according to their geometric and
graph-theoretic properties. To this end, we define a vector u
for each network Gy, given by

U 1= (lvmla |Vint|a |V0ut|a |E|, Mdeg> I‘Llen)T» (14)

where Vi, is the set of nodes in the upper surface of Gy, Vo
is the set of nodes in the lower surface of Gy, Viy is the set of
nodes in the interior of Gy, (igeg is the mean degree (the num-
ber of other vertices to which each vertex is connected) of the
vertices in Gy, and e, is the mean length of G s pores. This
vector is evaluated for all networks Gy, k € {1, ..., N}, the
elementwise mean uy = E[u;] over all Gy is calculated, and
finally the typical network is chosen as the one that minimizes
the Euclidean distance |[u; — wx||>.

C. Computational topology measures

In this section we introduce PDs, a tool from TDA that
can provide compact topological information for networks
(see Appendix C for more information on PDs, and for a
simple worked example showing how these diagrams are pro-
duced). In particular, we use the GUDHI library [32] to extract
topological information from pore networks. To our knowl-
edge, PDs have not yet been used to study pore networks in
membrane filters; in this work we apply them to our initial,
unfouled networks (in which the pores are circular cylinders),
with the goal of identifying topological features that correlate
with desired filtration outcomes. A rigorous mathematical de-
scription of PDs is beyond the scope of this work, therefore
we give just a brief description of the relevant tools at hand.
To proceed, we must first define a few key concepts.

The concept of persistence diagrams rests on a process
called thresholding, where the features of a topological space
X are selected by varying a thresholding parameter 6 > 0
(see Ref. [33] for more, including a rigorous definition of
topological spaces; for our purposes, a topological space
is just a pore network, and the thresholding parameter 6
is taken to be the pore radius). This thresholding process
produces a series of nesting subnetworks, defined here by
Xo = G(Vy, Eg), where Ey C E is the set of pores (v;, v;) € E
such that r;; > 0, and V, C V is the set of nodes v;, v; € V
such that (v;, v;) € Ey. In other words, Xj is the subnetwork
consisting of pores of radius at least 6, along with all the
corresponding pore junctions.

In this work we use superlevel thresholding, where the pore
radius thresholding parameter 6 is decreased from infinity (in
practice, some suitably large value). As it decreases, pores
of radius greater than or equal to 8 become topologically

“visible” in the pore radius network. We can gain an intuition
for this process if we imagine the appearance of a single
network pore (the one with the largest radius), then the ap-
pearance of another pore (the next-largest), and so on as we
decrease 6, until we recover the entire network.

We study two types of network topological features that
appear under thresholding (both of which we refer to by the
generic term generator): connected components and loops.
Connected components can be thought of as subnetworks
of the larger network, where each vertex can be reached by
traversing a path from any other vertex in the subnetwork
(i.e., the subnetwork is path-connected at the given thresh-
old value). Loops (informally speaking) are paths through
the network that begin and end at the same vertex. In alge-
braic topology, connected components are zero-dimensional
objects, and loops are one-dimensional objects. Since we
are working in three dimensions, one might expect that we
also study the two-dimensional topological objects known as
cavities. Cavities exist when a three-dimensional volume is
entirely enclosed by some two-dimensional surface (imagine a
hole in a typical Swiss cheese-like structure). However, within
the confines of our pore network model cavities do not exist.

Connected components are born when a pore “appears”
(i.e., when the threshold parameter 6 reaches the value of that
pore’s radius) that is unconnected to any existing connected
component. The value of & = b at which this occurs is called a
birth number. We also say that a connected component dies at
death number & = d when a pore appears that connects it to an
older, preexisting connected component. The preexisting con-
nected component absorbs the now-dead one. The difference
L =b—d is called the lifespan of a connected component
(or any other type of generator). The larger the lifespan of
the generator under thresholding, the more that generator
persists, hence the name “persistence diagram.” The more
persistent the generator, the more topologically significant it
is. Conversely, when the lifespan of a generator is small, that
generator is considered to be topological “noise.”

The case of loops is somewhat different from that of con-
nected components: a loop is born when a pore appears that
completes a path from a vertex to itself. However, loops do
not die, since in the present problem a loop is never fully ab-
sorbed into another loop, so loop death numbers are therefore
always zero.

Having established these ideas, we can describe in more
detail the concept of PDs, which plot the birth and death
numbers of the generators of a network. By convention, PD;
refers to the PD depicting the ith-dimensional topological
features, i.e., PDy is the PD for connected components, and
PD; is the PD for loops. A worked example of these two PDs
for a toy network is given in Appendix C.

We note that a loop is similar to the graph-theoretic con-
cept of a cycle, which is also a path through a network that
starts and ends at the same vertex. Although the two concepts
may seem identical according to our informal description, the
number of loops (generators) in a one-dimensional PD may
not be equal to the number of cycles in a network because
loops are technically linearly independent vectors; the set of
all loops spans the vector space in which they exist. The set of
loops is therefore a subset of the set of all cycles, which are
linear combinations of loops. We will denote the number of

024301-5



ILLINGWORTH, GU, CUMMINGS, AND KONDIC

PHYSICAL REVIEW E 113, 024301 (2026)

loops as NGy, which represents the number of generators in
PD;; more generally, NG; is the number of generators in PD;.

One metric for the data provided by PDs is total persistence
(TP), a measure of the overall significance of the topological
data encoded in a PD. Recall that the “persistence” of a
generator in a PD is equivalent to its lifespan under thresh-
olding. The total persistence of a PD is thus a measure of the
combined lifespans of the generators, given by the following
formula:

NG; 1/p
TP, = [Z(bk — dky’] : (15)

k=1

where i = 0 denotes connected components and i = 1 denotes
loops. Thus, TP is the p-norm of the difference between the
vector of birth numbers and the vector of death numbers.
Typically p is chosen to be 1, and this is the value that we will
use. Total persistence is admittedly a crude measure, since a
large TP value may be due to a single long-lived generator, or
many short-lived generators. However, TP offers a simple and
readily available method of quantifying aspects of network
topology and is therefore a natural measure to investigate.

Since loops never die, the above equation implies the fol-
lowing for TP;:

NG1 NGI
TP =) (b —0)=) b, (16)
k=1 k=1

that is, TP is just the sum of the birth numbers by.

Finally, one further measure that we will use in analyzing
our results is the mean lifespan L; of generators in PD;, which
is defined as the mean of the lifespans of the generators in
a given PD;. Mean birth and death numbers of generators, b
and d, respectively, are similarly defined. Unless stated oth-
erwise, when we refer to mean quantities, these quantities are
always averaged over each network (or corresponding PD;)
separately.

III. RESULTS

We are now ready to discuss our findings regarding the
effects of (i) the initial distribution of the pore radii, and (ii)
the network topology, on filtration performance. One crucial
issue that we focus on is the relationship between a filter
network’s geometrical features (e.g., the radii and lengths
of its pores, and the number of pores per network, denoted
as NP) and its topology. In particular, we consider the fol-
lowing question: Are topological features more predictive of
filtration performance than geometrical ones? The answer to
this question will depend on whether measures of network
topology reduce in some way to measures of network ge-
ometry, in which case we need not concern ourselves with
topology at all.

In Sec. III A we first discuss connected component-based
measures and show that these are not predictive of filtration
performance. Section III B focuses on the effect of loop-based
measures on filtration performance; here we find dramatically
different results. To gain further insight into the role of loops,
in Sec. III C we investigate networks with a small number of

pores NP, in which all possible networks and loops can be
enumerated.

To focus on the questions and issues discussed above, we
relegate some discussion to Appendixes. In particular, dis-
cussion related to the influence of the choice of pore radius
distribution, which appears to be significant, is presented in
Appendix D; since filters in applications are typically charac-
terized by a radius distribution close to log-normal, we focus
the discussion in the main text exclusively on log-normal radii
distributions. Furthermore, we defer discussion of the role of
noise variations to Appendix D, and in the main text focus
on considering pore network variability. Discussion of the
importance of the extent to which pore network radii vary
is also relegated to Appendix E; in the main text we focus
only on what we call strongly perturbed networks, where the
pore radii vary considerably. The discussion in Appendix D
also shows that, for filters of fixed porosity characterized
by network variations, tortuosity is a not a good predictive
measure; therefore in the main text we do not discuss this
measure further.

A. Filtration performance: Connected
component-based measures

We first discuss the influence of the topology described
by the persistence of connected components on the filtration
performance; for brevity we focus on (total) throughput &
as a representative performance measure. In particular, we
discuss how the number of generators NGy, the mean lifespan
of connected components Lo, the total persistence TP(, and
the mean birth and death numbers of the generators, b and 3,
correlate with throughput (where Ly, b, and d are averaged for
each network separately). Figure 4 shows representative re-
sults, where each data point corresponds to a unique network.
This figure suggests that connected components are largely
ineffective for predicting filtration performance, as neither
NGy, nor Ly, nor TP, show clear correlation with 4.

The results shown in Fig. 5 appear more promising at
first sight: here we plot throughput 4 against mean birth and
death numbers, b and d, respectively. These results suggest a
modest linear correlation for both quantities. However, further
investigation reveals that b and d are each strongly correlated
with mean pore radius (denoted by 7), a geometric quantity;
see Fig. 5(c). This suggests that the modest signal that birth
and death numbers provide in Figs. 5(a) and 5(b) most likely
reduces to a purely geometrical phenomenon. Therefore our
main question is still open: is the topology of a network
relevant in determining filtration performance? As we discuss
next, additional insight can be obtained by considering topo-
logical measures describing the loop structure.

B. Filtration performance: Loop-based measures

Next, we study the influence of the topology described by
the persistence of loops on filtration performance. Figure 6
plots throughput 4 against NGy, £;, and TP, respectively. In
contrast to the results for the connected components seen in
Sec. III A, here we observe a strong correlation between / and
all three topological measures. Specifically, /4 is a decreasing
function of both NG; and TPy, and an increasing function of
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FIG. 4. Throughput / vs number of connected components NGy (a), mean lifespan of connected components £ (b), and total persistence

of connected components TP, (c).

L. Figure 6(a) in particular constitutes the first key finding of
this paper, since it depicts a very strong result: 4 is correlated
with a purely topological property of filter networks (NGy),
and therefore filtration performance is indeed correlated with
filter network topology. Encouraged by these findings, we
focus henceforth on the investigation and discussion of the
loop properties.

Cautioned by the findings for connected components
above, we first address the possible mitigating effect of non-
topological network properties, which might underlie the
apparent correlation between filtration performance and net-
work topology. In particular, we discuss whether the observed
correlation between throughput and loop-based measures can
be reduced to a purely geometric effect, or whether different
network connectivity leads to different throughput, even if
geometric measures are the same or similar.

Figure 7 shows that there is, in fact, a fairly strong corre-
lation between & and each of the four geometric quantities: 7,
mean pore resistance, mean pore area, and NP. For the most
part, these relationships are as expected; for example, 4 is
positively correlated with 7 [Fig. 7(a)], which can be explained
by the argument that more fluid can flow through a wider
pore, and wider pores take longer to close under fouling, thus
increasing /. Similarly, we expect / to be negatively correlated
with mean pore resistance [Fig. 7(b)], since a higher resistance
decreases the flux through a pore under fixed pressure drop.

Figure 7(c) depicts the correlation between 4 and the mean
inner surface area of the pores, per network. The relation-
ship depicted here is the only one for which the sign is

counterintuitive, since one might expect that an increase in
a pore’s inner surface area available for particle deposition
would increase the probability of particle fouling, thus de-
creasing the flux through the pore more rapidly; however, with
larger mean pore area, the deposition of a foulant particle has
a smaller effect on fluid flow than if the mean pore area were
smaller, leading to a slower increase in network resistance,
and the observed positive correlation. The positive correlation
between 4 and mean inner surface area is consistent with &
being negatively correlated with mean pore resistance, since
a high throughput / implies a low resistance network, which
in turn implies that more particles will be advected through
the network without deposition occurring. Finally, Fig. 7(d)
shows a negative correlation between £ and the total number
of pores in the network, NP, a point we will return to below.

Overall, Fig. 7 shows that network geometry does influence
filtration performance. Given the conclusions of Sec. III A,
this raises the question of whether there remains some inde-
pendent topological effect as well. To answer this, we first
investigate the potentially confounding role of mean pore
radius 7 in the relationship between & and NG, by dividing
h by 7 (to control for its effect) and plotting the result against
NG;. The result is depicted in Fig. 8(a): there is a (negative)
correlation between /7 and NGy, thus we conclude that the
effect of NG; cannot be reduced to a purely geometrical
phenomenon. Therefore, two networks of the same geometry
(characterized here by T), but different topology, could lead to
significantly different filtration performance.

A brief comment here on filtration performance metrics is
appropriate: as noted earlier, we have so far focused on results

(a) 102 (b)  x10? (¢), _ x102
! - 25— 857
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FIG. 5. Throughput /4 vs (a) mean birth number 5 and (b) mean death number d for connected components. Panel (c) depicts b (blue) and

d (red) vs mean pore radius 7.
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FIG. 6. Throughput / vs (a) number of loops NG, (b) mean lifespan of loops £, and (c) total persistence of loops TP;.

using throughput % as a proxy for filter performance, with no
regard for how clean the resulting filtrate is (measured by the
quantity c,cm, accumulated foulant concentration). We have
done this because all of the results for & presented thus far are
very similar to the results for ¢, (not shown). Figure 8(b)
exemplifies the similarity between the & results and the c,em
results: c,cm /7 is plotted against NGy, and shows the same
correlation as for A.

Figure 8(c) shows h versus c,cm, both scaled by mean
radius 7. The main finding here is that the more filtrate one
has, the more escaped foulant particles per volume one has as
well, at least for the considered fixed-porosity setup. Bearing
in mind that we want filters that find an optimal balance
between h and c,.,, We continue the discussion of our results
by focusing on 4 henceforth.

Having determined that 7 is not the sole geometric factor
behind the correlation of performance with NG;, we turn
next to the following question: is NG; still correlated with
h if we fix the number of pores NP? This question is mo-
tivated by the strong similarity between the two quantities’
respective correlations with s; compare Figs. 6(a) and 7(d).
Together, these suggest that the apparent relationship be-
tween i and NG; may reduce to a phenomenon involving
NP. The rest of this section is devoted to clarifying these
inter-dependencies.

First, we examine the negative correlation between i and
NP depicted in Fig. 7(d). To begin to understand this relation-
ship, in Fig. 9(a), we plot 7 against NP. This figure reveals
strong negative correlation, which may be explained by ob-
serving that, for networks of fixed porosity, a large number of
pores (high NP) means that either 7 or mean pore length (or
both) must be small. Thus, assuming that mean pore length
remains the same, a large NP implies a small 7; smaller pores

085 09 095 1 1 15 2
T 1072 1/k

x108

close faster under fouling, which leads to a decrease in #,
which explains the negative relationship between 4 and NP.

Next, we examine the correlation between NG; and NP.
Figure 9(b) plots NG| against NP for all networks, and shows
a strong positive correlation, with nearly unit slope, between
these quantities. This indicates that, if the number of pores
in a given volume of space is high enough, then on average,
approximately one new loop is created (i.e., a new vector
is added to the loop vector space, increasing its dimension
by 1) for each new pore added to the network. This may
explain why the relationship between NG, and /% is almost
identical to the relationship between NP and &, but it does
not indicate whether the effect of NG, reduces to some effect
of NP. To differentiate between the effects of NG; and NP,
we follow the approach used in Fig. 8(a), but here we scale h
by NP and and plot the result against NGy ; see Fig. 10. This
figure constitutes another key finding of this paper, as it shows
that the correlation is actually strengthened by controlling for
NP, definitively confirming that NG, has a strong effect on A,
which is distinct from the effect of NP. In other words, there
is indeed a purely topological effect on filtration performance,
which does not depend on the effect of geometrical features.

We also find that by assuming (different) linear fits between
h and NGy, and h and NP, we can find by straightforward
calculation a nonlinear equation for #/NP vs NG/, which is
also shown in Fig. 10. At this point, we do not have any
particular interpretation of the numerical values of the fitting
coeffcients.

To gain further insight into this influence of NG; on A,
distinct from the effect of NP, in the next section we examine
small networks (characterized by small NP), which we use to
compare the performance of filters with loops to filters without
loops.

(¢) x10?

11 12 13 08 09 1 1.1

SA 102 NP x10*

FIG. 7. Throughput / vs (a) mean pore radius 7, (b) mean pore resistance 1/k, (c) mean pore area SA, and (d) number of pores NP,
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FIG. 8. (a) Throughput / and (b) concentration c,.,, scaled by mean pore radius 7, respectively, vs number of loops NGy; (¢) h/7 VS Caem /T

C. Small networks

Here, we discuss the results of filtration simulations on
small networks, whose respective NP values (recall that NP
denotes “number of pores”) are small integers, and which may
or may not contain loops. Those networks that do contain
loops we call loopy networks (multiply connected, topologi-
cally speaking), and those that do not we call loopless (simply
connected). Our goal is to investigate the effect of (small) NG,
on h by comparing with results for networks with NG| = 0,
to gain insight into the role of loops in full-size networks.

(a) »>< 102

1 o*sg%
0.9
O

0.975 |
0.95
L 0925
0.9}
0.875 |

0.85}

NG,

5.5

08 08 09 095 1 1.05 1.1
NP x10%

FIG. 9. (a) Mean pore radius 7 vs number of pores NP. (b) Num-
ber of loops NG, vs number of pores NP.

Here we consider all possible small networks, subject to
certain constraints. First, each network must have NP > 5,
since five-pore networks are the smallest possible networks
with loops that consist only of interior pores (smaller loopy
networks require two pores to come from the same surface
inlet or outlet, a zero-probability occurrence in our full-size
networks). Further, for practical reasons, since we consider all
possible networks we restrict attention to NP < 9 (the number
of possible networks grows combinatorially with NP, making
larger networks too computationally expensive to investigate).
We also set all pore lengths to 1 (equal to the membrane thick-
ness), regardless of NP, to remove the effect of pore length.
As with the full-size networks, porosity is fixed by scaling the
radii uniformly. Keeping porosity fixed for all small networks
considered, and using a constant radius of 5 = 0.01 for five-
pore networks, we derive the following formula for the radius
of a network with NP pores:

/5
'Np =15 NP a7

Figure 11 depicts a sample of the networks with NP = 6 used
in this work (schematic representation only; the pores are not
drawn to scale, and real networks may be three-dimensional).

x107°

FIG. 10. Throughput A, scaled by number of pores NP, vs
number of loops NG,. The red curve depicts the nonlinear fit
h/NP = fit(NG);, obtained as described in the text, which takes
the form fit(NG;) = A + B(NG; 4+ C)~!, where A = —9.85 x 1079,
B =10.162,and C = 1789.
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(a)

FIG. 11. A sample of the toy networks with NP = 6 used in this
section, with (a) loopy networks and (b) loopless networks. (Images
are schematic only; actual networks have all pore lengths equal to
membrane thickness and may be three-dimensional).

Having specified the networks, we can now discuss the
results. To investigate the effect of a network’s loops on its
filtration performance, we compare the correlation between
throughput 4 and the number of inlets |V;,| in the loopy and
loopless cases. |Vin| is chosen for this investigation because
we found it to be strongly predictive of £ in the case of small
networks.

Figures 12(a) and 12(b) plot & against |Vi,| for loopy and
loopless networks, respectively, where each point represents
a single network. Note that the vast majority of the points
in these figures overlap, making it seem as if relatively few
networks are represented. We observe that in Fig. 12(a), the
range of h values is consistently lower than in Fig. 12(b),
for all values of NP. This suggests that . is more strongly
dependent on the existence of loops than it is on NP. We also
observe that there is a positive linear relationship between
h and |Vi,|. This conforms to our expectation that a higher
number of inlets will lead to a higher value of A, since more
fluid can enter and flow through the filter over its lifetime.

Note that this strong dependence of / on |Vj, | does not exist
for large networks (results omitted for brevity). We assume
this is because, for large networks, adding or removing an

inlet pore only changes |Vi,| by a very small percentage, so
the overall effect of |Vi,| on & is removed.

Figures 12(a) and 12(b) also show that % is negatively cor-
related with NP for both loopy and loopless networks, as the
networks with fewer pores tend to yield the highest values of
h. This negative correlation between A and NP invites further
investigation, but we believe it to be due to the fact that, within
the present setup, if a network has more pores then foulant
particles will stay in the network for longer, increasing the
chance of deposition, which in turn decreases throughput.

Figures 12(a) and 12(b) bring us back to the central ques-
tion of whether, given NP, the number of loops NG, influences
h. To investigate this question further, we average & separately
over all loopy and loopless networks with the same NP, and
plot the results against NP in Fig. 12(c) (the error bars in-
dicate standard deviations). Given the size of the error bars,
further study is needed to strengthen the results presented in
Fig. 12(c). However, this figure suggests that mean through-
put, &, is always smaller for loopy networks than for loopless
networks, regardless of NP. Although there appears to be a
very small negative correlation of 2 with NP in the loopless
case, the effect is so small as to be negligible. The lack of any
significant dependence of / on NP in either case suggests not
only that NG has an effect on / that is distinct from the effect
of NP, but that NG; dominates over the effect of NP.

The question of why the existence of loops has this dom-
inating effect remains to be answered. Nevertheless, here we
have found that NGy, a purely topological property of mem-
brane filter networks, has an effect on filtration performance
that is not reducible to network geometry. We have also shown
that the number of inlets is a strong predictor of /4 in the case of
small networks, although this effect does not persist for large
networks.

IV. CONCLUSIONS

The primary focus of this work is to answer a simple
question: How does a filter’s pore structure affect its perfor-
mance? Since answering this in full generality is difficult,
we focus on the specific case of filters made from a network
of interconnected pores. Previous work shows that porosity
plays a crucial role [23], and since its effects are reasonably
well understood, in the present work we assume that the
porosity is fixed. We then ask a more specific question: given

(3)14x1o“‘ (b)14><10'4 . (c) 2100
. 5 pores . 5 pores A h } LOOpy
A6 pores A6 pores o Loobl
12 7 pores 12 7 pores I\ " 12 § oopless
# 8 pores ¥ 8 pores ) 2 ]
1 2 9 pores 1+ 29 pores o ] 10
o § L
= 0.8 * = 08 O W = 8
a L]
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FIG. 12. Throughput & results for small networks, with pore numbers NP € {5, ..., 9}. (a) Throughput / vs number of inlets |V, | for loopy
networks; (b) throughput z vs number of inlets |V;,| for loopless networks; (c) mean throughput 4 vs NP for both loopy and loopless networks.
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a filter network with a known porosity, what determines its
performance? To narrow the focus further, we consider filters
where pore radii follow a log-normal distribution, which is
known to be among the most realistic. For completeness, the
effects of different distribution types and widths are discussed
in Appendix D. With this focus, and assuming the pores are
long and slender (permitting a simplified Hagen-Poiseuille
fluid dynamics model that allows us efficiently to run many
simulations with thousands of network realizations), we are
prepared to answer the main question posed above.

The structure of a filter can be viewed from several dif-
ferent perspectives, focusing on various parameters such as
the number of pores, their radii and lengths, and how they
connect. Another (more complex but commonly used) mea-
sure is tortuosity, which quantifies the typical length of the
path taken by the filtrate through the filter. We find that when
porosity is fixed, tortuosity is not a useful performance mea-
sure. Therefore, we consider the simpler measures mentioned
above, which can be roughly categorized into two groups:
geometrical measures, such as pore count and size, and topo-
logical measures that describe how pores connect within the
filter. While there are many ways to quantify the topology of a
network, our setup—where pore radii serve as weights—can
be analyzed efficiently using persistent homology (PH). The
advantage of this approach over others focusing on percola-
tion or coordination number (among others) is that weights are
naturally integrated. PH measures the network’s connectivity
across all pore radii simultaneously and is applicable in both
two and three dimensions.

Regarding the filter’s throughput as a performance metric,
our main findings are as follows. First, geometry influences
performance: increasing the number of pores generally de-
creases throughput. This conclusion is statistical, given the
variability across different networks. Our ability to analyze
thousands of network realizations gives us confidence that
this finding is widely applicable. Next, we ask: given a
fixed number of pores, does the network’s topology matter?
Our second key result is a positive answer to this ques-
tion: the topology has a significant effect on performance.
Specifically, the presence of loops within the network is
crucial; a higher number of loops correlates with lower
throughput. Thus, both the geometry and topology of the
network impact performance. Although the precise under-
lying reason remains unclear (in particular regarding the
importance of loops), we have obtained some preliminary
understanding by examining small networks with a limited
number of pores.

Our study also examines additional factors, including pore
radius distribution and variability, among others. These re-
sults are detailed in the extensive Appendixes, which include
examples and further explanations of persistent homology
measures.

While our work offers important new insights into how
filter structure influences performance, many questions re-
main and much more could be done. The measures analyzed
here—either topologically or geometrically—are based solely
on the initial filter configuration. How these measures evolve
over time will be one focus of future research. Finally, we
also plan to investigate the positive, linear correlation between

total throughput and total accumulated concentration, which
indicates that, given the constraints imposed in this work, a
filter that processes more fluid also produces dirtier filtrate.
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APPENDIX A: NETWORK GENERATION
AND SIMULATION METHODOLOGY

Here we present brief details of the methods used to gener-
ate the networks and simulate fluid filtration through them.
For the network generation, following Gu et al. [24], the
following algorithm is used:

(1) First generate Ny, uniformly distributed points in a
rectangular box (x,y, z) € [0,0,0] x [1, 1, 2]. In this work,
we choose Ny = 775 (for full-size networks).

(2) To form pores, connect each point to all neighbor-
ing points within a spherical annulus of outer radius dpax
(maximum pore length) and inner radius dpj, (minimum pore
length). The inner radius is chosen to ensure that the pore’s
aspect ratio (radius/length) is small enough for the Hagen-
Poiseuille (H-P) approximation, described in Sec. IT A.

(3) Cut the box at heights z = 1/2 and z = 3/2. The in-
tersections of these two planes with the network edges form
the inlets Vj, and outlets Vg of the network. See Fig. 13 for
a 2D schematic illustrating this process. This “box-cutting
procedure” avoids the issue of having to specify the numbers
of inlets and outlets in the membrane surfaces.

(4) Remove all inlets and outlets with length smaller than
dmin- The existence of these short pores is due to the box-
cutting procedure, which does not account for the lengths of
the inlets and outlets it creates.

(5) Finally, we assign an initial radius r( to each pore, and
then we perturb randomly the respective radii of the pores
according to some probability distribution. The choice of pore
radius distribution is discussed in Appendix D.

To simulate filtration through the network, we apply con-
servation of flux at each pore junction v; to transform the set
of H-P equations for each pore to a linear algebraic system for
the pressure p(v;) at each interior pore junction, formulated as
the following problem:

(Lyp)(v;) = 0,
p(v) =1,

Vi € Vin, (Ala)

veVn pv)=0, (Alb)
Here, Ly is a |Viy| X |Vine] matrix known as the (interior)

graph Laplacian, i.e., the discrete analog of the continuous

S Voul-
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FIG. 13. A 2D schematic of the network generation protocol.
The blue dots are the top surface pore inlets, the red dots are interior
pore junctions, the black dots are the bottom surface pore outlets,
the pink dots are pore junctions that get removed by the box-cutting
procedure, and dp, (dax) is the minimum (maximum) pore length.
The dashed edges in the network represent pores that were deleted by
the box-cutting procedure, and dotted-dashed lines represent periodic
connections.

Laplacian, weighted by the conductances k;; of the networks’
pores. In general, a weighted graph Laplacian Ly is given by

Ly = Dy — W, (A2)

where D is the W-weighted degree matrix of a network, a
diagonal matrix given by

4
Wik,
Djj = { b=t
07

W is the W-weighted adjacency matrix, a matrix with non-
negative entries W;; if (v;, v;) € E. We illustrate the concept
of the weighted graph Laplacian using the simple network
depicted in Fig. 14 as an example, where W;; = k;; and k;;
is the conductance of pore (v;, v;):

i=j,

. (A3)
otherwise.

kio 4 ko3 + koa —k3 —ko4
Ly = —k»3 kos + kaa —k34
—ko4 —k34 ko4 + kag + kys

(A4)

Once the pressures p(v;) at the interior pore junctions are
calculated, they are then used to construct a matrix Q of the
fluxes through each pore, using Eq. (3).

FIG. 14. A simple network to illustrate its graph Laplacian per
Eq. (A4). Nodes 1 and 5 are boundary nodes at the upper and lower
surfaces of the filter, respectively, at which pressure is prescribed.
Nodes 2, 3, and 4 are interior nodes whose pressure we solve
Eq. (A1) for. k;; is the conductance of pore (v;, v;).

Next, the foulant concentration c(v;) at each interior
pore junction is computed by solving an inhomogeneous
version of Eq. (Ala), modified to model the advec-
tion and adsorption of foulant particles. The problem is
given by

Lyc =s"co, (A5a)
l..
= [0 ri(y, t)d
Sij = qij €Xp M , (A5b)
qij
co=0(,...,1,0,...,0), (A5c)

where s;; captures the advection and adsorption of foulant
particles at the exit of the pore (v;, v;), and c¢g is a boundary
condition specifying that c(v) =1 for v € Vj,. The matrix
Liqn = Dg — 5T is the g-weighted in-degree advection Lapla-
cian, where D is a ¢"-weighted degree matrix that encodes
the incoming flux g;; through pore inlets (thus including the
direction of the flow through the pores), which is why we
call L;“ the “in-degree” Laplacian. We solve this linear sys-
tem to obtain the concentration c; at each vertex v;. Finally,
concentration is used to update the pore radii, using the model
for advection and adsorption of foulant particles given in
Sec. IT A. More detail on the derivation of Egs. (A1) and (AS5)
and the process of solving them on large networks can be
found in Ref. [23].

APPENDIX B: MASS CONSERVATION
FOR PORE EVOLUTION

We assume that pores have a straight axis with local length
coordinate y, about which the pore profile is circular, with
variable radius r(y, ). In this work, we introduce a mass
conservation scheme, which can be used for any pore radius
function r(y, t), though we implement it only for linear pore
profiles. In the following, we consider a single pore, inside
which foulant particles are deposited. The deposition of the
particles causes a decrease in the volume of the pore, and this
decrease is exactly equal to the sum of the effective volumes of
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the foulant particles. Since we assume the pores maintain their
circular cross-section as they shrink, we implicitly assume
that deposited particles distribute their volume uniformly onto
the pore wall. This relation between particle and pore vol-
umes is represented by a conservation equation, in which
the left-hand side represents the volume of the deposited
foulant particles, and the right-hand side the change in volume
of the pore:

I I
ar
/ r(y, t)e(y, t)dy = — / r(y, 1) —(, t)dy. B1)
0 0 ot
Using the expression for c(y,t) given in Eq. (5), we can
evaluate the left-hand side of Eq. (B1), which will be denoted
by Cdep(t):

(gt Aot
Caep(t) = %{1 —exp <—% ; r(z,t)dz>i|,

(B2)
where cj, (t) = ¢(0, 1), as defined in Eq. (4b). We can also use
Eq. (B1) to derive an ODE relating pore radius evolution and
foulant concentration:

! 9
'/0 r(y, t)|:a—:(y, 1)+ c@y, t)i|dy =0 (B3a)

ar
= g(y,t) = —c(y,t). (B3b)

Equation (B3b) gives a general formula for radius evolution,
valid for any suitable radius function r(y, t).

We now focus on the specific case in which a linearly
varying pore radius is assumed, given by Eq. (6), r(y,t) =
a(t) + b(t)y. Equation (B1) then becomes

? . 1? &
Caep(t) = [a(t)a(t)l + a(t)b(t)z + b(t)(a(t)z + b(t)g)]
(B4)

Equation (B3b) implies that a(t) = 7(0,1) = —cis(¢). Using
this in Eq. (B4) and rearranging to solve for b(¢), we arrive at
the following system:

a(t) = —cip(?),
Cin()1(6a(t) + 3b(t)]) — 6¢aep(t)
3a(t)I? + 2b(1)13

Thus, the radius function for a given pore can be updated at
each time step. In our implementation, the update is calculated
using the forward Euler method.

Physically, r(y, t) is expected to be decreasing pointwise
with respect to time. However, in a naive implementation,
r(yo,t) can begin to increase in ¢ at some point y. The
increasing of r is due to the fact that our linear pores are
an approximation of what would in real network pores be a
nonlinear pore profile, caused by the nonlinear distribution of
foulant particles (as discussed in Sec. II B). This discrepancy
between the true shape and the modeled linear shape can
conflict with the mass-conservation condition, which some-
times compensates by making a pore increase in size locally.
To avoid such unphysical behavior in our simulations, we
implement a “freezing algorithm” for pores where it has

(B5a)

b(t) =

(B5b)

been detected that (I, 1) > 0 (here we choose yo = [, but the
choice is arbitrary since any point yy will do). We implement
the freezing algorithm by setting 7(/, ¢) = 0:

g(l,t) =0= at)+b@t) =0. (B6)

Solving for b(t) and plugging it into Eq. (B4) gives the fol-
lowing system of ODEs:

. a(t) . 6Cdep @)

b(t) = ——, = ——————.
O==7" =30 bor

Using Eq. (B6) and a(t) = —cj,(¢), the condition for activat-
ing the freezing algorithm can be expressed as

(B7)

b))l > cin(?). (B8)

Thus, when 7 < 0 everywhere along the length of a given
pore, we use the system (B5), and when 7 > 0 somewhere
along the pore’s length, we use the system (B7). In either case,
mass is conserved.

In simulations, most pores end up requiring this freezing
algorithm at some point during their evolution. As a result,
pores rarely close fully within a feasible time frame, and
waiting until flux falls to zero through the membrane as the
stopping criterion is impractical. Instead, we end our simula-
tions when the flux reaches 1bl of its initial value.

APPENDIX C: PERSISTENCE DIAGRAMS: AN EXAMPLE

Here we give an example of how persistence diagrams are
used to extract information about a network, using the toy
network in Fig. 15(a). This is a very sparse version of the type
of network we consider, with just two inlets, three outlets,
four interior pore junctions, and numbers (here taken to be
between 0 and 1, but in practice they are the dimensionless
pore radii in our specific problem) assigned to each edge.
Figure 15(b) shows the corresponding persistence diagram
PD, for connected components, and Fig. 15(c) shows PD; for
the loops.

We consider the connected components first as the thresh-
olding parameter 6 is decreased continuously from 1 to O.
Three distinct connected components are born at § = 0.9,
0 = 0.8, and 6 = 0.7, respectively. Note that in Fig. 15(b),
the point at (0.9,0), corresponding to edge (3,4) in Fig. 15(a),
lies directly on the birth axis. This is because, by convention,
the first connected component to be born never dies. The first
death occurs at & = 0.5, when the connected component that
had previously consisted of the edge (6,9) is absorbed into the
connected component originally consisting of (3,4); therefore
we say it “dies” at & = 0.5 (in line with the convention, the
older component lives on, becoming larger, while the younger
one that joined it is said to die). At & = 0.4, the connected
component born at & = 0.7 dies as well. At this point, all
connected components in the toy network have been absorbed
into the one that was born first, at @ = 0.9.

Turning now to loops using the same threshold-
ing process, the first one (which can be written as
{(1,3), (3, 8), (8,5), (5, 1)}, although we will denote it by /;)
is born at & = 0.3. The next loop, I, = {(1, 3), (3,5), (5, 1)},
isborn at & = 0.1, when the edge (3,5) appears. Note that both
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(a) 1 2
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FIG. 15. (a) A simple network, where each edge is equipped
with a number. In our case, these numbers are pore radii, but their
meaning can be more abstract. Panels (b) and (c) are the persistence

diagrams associated with connected components and loops, PD, and
PD,, respectively, for the network depicted in panel (a).

points in Fig. 15(c) lie on the birth axis, since, as mentioned
before, by convention loops do not die.

Note also that only one loop is born at 8 = 0.1, not two.
One might naively think that /s = {(3, 8), (8, 5), (5, 3)} would
be another loop born at 8 = 0.1, but this is not the case.
In fact, we could have chosen /3 to be our second loop,
rather than [, but not both. This is because a cycle is a path
through a network that starts and ends at the same node,
whereas a loop—while being almost the same concept, at least
superficially—is technically a vector in a linearly independent
basis that spans all the cycles in a network. So, while all /; are
cycles, only two can be loops, because otherwise the basis
would not be linearly independent. The choice of basis is
arbitrary, and thus we could have one of three sets of loops,
where either [, or /3 would be loops, and the remaining one
would be a cycle in the span of the two loops. Note that /;
must be a loop, since no other loop was born at 8 = 0.3.

APPENDIX D: EFFECT OF PORE RADIUS DISTRIBUTION
AND THE ROLE OF TORTUOSITY

Here we consider the effect of an important geometric
feature of pore networks: the distribution of pore radii. In
previous theoretical work (e.g., Refs. [15,24]), pore radii were
assumed to be distributed uniformly, but the distribution of
pore radii of real network filters is known to be skewed,
and the log-normal distribution is generally considered to
be a suitable choice to represent such skewed distributions
[29-31]. Therefore, the results presented in Sec. III are
based on pore networks with radii drawn from a log-normal

distribution. Here, we present a brief statistical investigation
demonstrating the differences between the uniform and log-
normal pore radius distributions—for both noise and network
variations, as described in Sec. Il B—particularly in terms of
their effects on total throughput and tortuosity.

For the uniformly distributed pore radius perturbations, we
follow Gu et al. [24], who used cylindrical pores with radii

r=ro(l+mn), n~Unif(=g, ), (D1)

where B is the perturbation strength (values 0.06 < g < 0.75
were used in Ref. [24]) and ry is the mean pore radius. To
compare this pore radius distribution to the log-normal one
that we will use, we introduce the coefficient of variation
o, defined as the standard deviation of a given distribution
divided by its mean:

o=0/u. (D2)

We use the parameter 8 in Eq. (D1) to find the appropriate
value of « for the uniform distribution case:

o= l\/Var[ro(l +n)] = iro\/Var[l +n] (D3a)
o )

B—(-B) _ B
+/ Var[n] Wi Nok
where the second inequality in Eq. (D3b) follows from the
definition of variance for the uniform distribution. We use this
coefficient of variation « to define a log-normal pore radius
distribution analogous to the uniform one, as we now describe.
A random variable X is log-normal if InX ~ A (u, o?),
i.e., InX is normal with some mean u and variance o2. We
define our log-normal pore radii by

(D3b)

r=rpy, ¥ ~ Lognormal(u, o?). (D4)

Mean pore radius for the uniform distribution case is rp, hence
we prescribe this also for the log-normal pore radii. This
requires that the random variables y; (where i ranges over the
indices of the radii) have a mean of 1, so that

Elr;] = Elroyi] = rolElyi] = ro.

Following from Eq. (D2), this choice of mean fixes the
standard deviation for both the uniform and log-normal dis-
tributions as well, to o = «. Setting the standard deviation
of the log-normal distribution to o0 =« = B/3 gives us
the relation we need for comparing uniform and log-normal
results.

Having arrived at the relation between the two distri-
butions, we can now examine how the choice of pore
size distribution affects throughput, 4 and tortuosity, T (see
Sec. II B for the definition of 7). For this study we will use
B = 0.75, for two reasons: first, this is one of the values of
used by Gu et al. [24]; and second, the corresponding « value
is approximately 0.433, which is close to the coefficient of
variation (o« = 0.447) of one of the parameter choices studied
in Ref. [31].

We first consider the relationship between / and 7 in the
case of noise variations. Figure 16(a) depicts this relationship
for 1000 independent pore radius perturbations on the typi-
cal network, generated as described in Sec. II B, where for
each perturbation a simulation was run through to #g,,, with

(D5)
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FIG. 16. Throughput % vs tortuosity t for uniform and log-
normal pore radius distributions under (a) noise variations and
(b) network variations.

o = 0.443. Here we see that 4 and 7 have approximately the
same negative, relatively strong correlation for both uniform
and log-normal pore radius perturbations, although the corre-
lation is weaker in the log-normal case. We also observe that
log-normal pore radius perturbations result in a higher mean
and variance for 4 than in the uniform case. It is clear from
the results that log-normal and uniform pore-radius perturba-
tions lead to significantly different results in the case of noise
variations.

Figure 16(b) shows & versus t for uniform and log-normal
pore radius distributions under network variations, i.e., the
pore radii of each of 1000 unique networks are perturbed
twice, once according to the uniform distribution and once
according to the log-normal distribution, also with o = 0.443.
Here the results are similar to those presented in Fig. 16(a) in
only one respect: both / and t have higher mean and variance
in the log-normal case than in the uniform case, although the
increase in mean and variance is not as high as in the case of
noise variations. However, the correlation we see in the case
of noise variations is completely absent in the case of network
variations. Tortuosity 7 is therefore not a good predictor of
h under network variations (which are the more physically
relevant type of perturbations).

Figures 16(a) and 16(b) show that 7 is not a good predictor
of total throughput / under either noise or network variations.
In the former case £ is essentially constant, and it is therefore
insensitive to changes in 7; and in the latter case, network
variations influence / so strongly that no correlation between
h and 7 exists. Overall, 7 is therefore not a useful predictor of
filtration performance within the constraints of our study.

3
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FIG. 17. A comparison of log-normal distributions with respect

. N . 2
to radius r, with mean p = 0.01 and variance 02 = (ap)?> = %

for B = {0.06, 0.25, 0.5, 0.75}.

)

This finding contrasts with the conclusions drawn by Gu
etal. [24], who found that T was a strong predictor of filtration
performance. However, network porosity was not controlled
for in that work, and since fixing porosity to a prescribed value
is the only substantial change we have made to the network
generation procedure used in Ref. [24], we conclude that T
fails to predict filtration performance for networks of the same
porosity.

Returning to the higher mean and variance of 4 seen in the
log-normal case (compared to the uniform case), we conjec-
ture that the higher mean is due to the fact that log-normal
distributions generally have a large tail for large r (see Fig. 17
for an example log normal distribution with g = 0.75). This
wide tail results in more large pore radii than there are in
the uniform case, which in turn results in higher flux, lead-
ing to an increase in 4 and t, on average. Similarly, we
suspect that the wide tail is also responsible for the higher
variance seen in i and 7, because the support of the log-
normal distribution is much wider than that of the uniform
distribution.

There are two main takeaways here: first, T is not a useful
predictor of filtration performance. However, what we lose in
the predictive power of 7, we gain in the predictive power of
TP and NGy, (see Sec. III B for a discussion of the predictive
power of loop-based topological measures). Second, it is
important to use log-normal pore radius distributions (or
a similar skewed distribution) in filtration simulations, for
two reasons: first, real filter pore radii are believed to be
distributed approximately log-normally; and second, there
is a measurable difference in both filter performance and
network geometry when log-normal pore radii are used
instead of uniform pore radii. Therefore, we will only use
log-normal pore radii in this and future work.

APPENDIX E: EFFECT OF PORE SIZE
PERTURBATION STRENGTH

Gu et al. [24] found that the parameter g, the perturbation
strength in the uniform pore radius distribution, Eq. (D1), is
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FIG. 18. Throughput % vs (a) total persistence of loops TP, and
(b) number of loops NGy, for 8 = 0.06, 0.75.

positively correlated with throughput 4, and thus it is a good
predictor of filtration performance in the case of uniform pore
radius perturbation. Here we investigate the effect of 8 on
topological measures in the case of log-normal pore radius
distributions.

Perturbation strength has a pronounced effect on log-
normal pore radius distributions, since the shape of the
distribution changes significantly with changes in the vari-
ance, and the variance is controlled by g (see Appendix D for
more on the relationship between 8 and radius variance). This
is illustrated in Fig. 17, which depicts a family of log-normal
distributions with mean @ = 0.01 and variance 6 = (ap)* =

@, for B = {0.06, 0.25, 0.5, 0.75} (the B values used by Gu

etal. [24]). When B is small, the log-normal distribution looks
like a narrow Gaussian, whereas when B is large, it spreads
out, developing a wide tail to the right.

Figures 18(a) and 18(b) depict the same relationships as in
Figs. 6(c) and 6(a), respectively (the red circles), but with the
addition of results using small 8 for comparison. Figure 18(a)
confirms that there is a negative relationship between s and
TP, and that the correlation between them is strong for both
B values—although the correlation is weaker in the case of
large B, since large 8 means a higher pore radius variance.
The increased variance in pore radius causes a corresponding
increase in the variance of s, which weakens the correlation
between i and TP;. However, the fundamental relationship
between h and TP is essentially the same for either 8 value,
up to a shift along both axes of Fig. 18(a). The vertical shift is
due to a wider log-normal distribution for larger 8 (Fig. 17),
allowing for larger pores, which in turn lead to higher through-
put 4. The horizontal shift is also due to the wider pore radius
distribution at higher B, since this effect also leads to more
small pores, thus making TP, smaller.

Figure 18(b) depicts the correlation between i and NG
for small and large $, and it tells a similar story to that of
Fig. 18(a): h is a decreasing function of NG, and the two
are strongly correlated, with larger & in the case of larger
B. As noted above, larger S leads to larger variance in A,
thus decreasing the strength of the correlation. However, as in
Fig. 18(a), the fundamental relationship between & and NG
is the same for both B values, up to a vertical shift caused
by the effect of larger pore radii. The horizontal shift seen in
Fig. 18(a) is not present here, since NG is invariant to pore
radius perturbations.

We suspect that the more loops there are, the more paths
there are for foulant particles to flow through the network, and
thus there is a higher chance that a foulant particle will adhere
to the inner wall of a pore. The radius of the pore then shrinks,
causing an increase in its resistance, which in turn causes 4 to
decrease.

We can surmise from Fig. 18 that, while 8 does have
an effect on the magnitude and variance of h, it can be
disregarded in the study of the effect of topology on fil-
tration performance. Since B = 0.75 is suspected to give
a realistic pore radius variance, this is the value we use
in Sec. III.
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