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ABSTRACT

History dependence of the evolution of complex systems plays an important role in forecasting. The precision of the predictions declines as
the memory of the systems is lost. We propose a simple method for assessing the rate of memory loss that can be applied to experimental
data observed in any metric space X. This rate indicates how fast the future states become independent of the initial condition. Under certain
regularity conditions on the invariant measure of the dynamical system, we prove that our method provides an upper bound on the mixing
rate of the system. This rate can be used to infer the longest time scale on which the predictions are still meaningful. We employ our method
to analyze the memory loss of a slowly sheared granular system with a small inertial number I. We show that, even if I is kept fixed, the rate of
memory loss depends erratically on the shear rate. Our study suggests the presence of bifurcations at which the rate of memory loss increases
with the shear rate, while it decreases away from these points. We also find that the rate of memory loss is closely related to the frequency
of the sudden transitions of the force network. Moreover, the rate of memory loss is also well correlated with the loss of correlation of shear
stress measured at the system scale. Thus, we have established a direct link between the evolution of force networks and the macroscopic
properties of the considered system.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0033419

Understanding the global dynamics of nonlinear systems is

typically challenging, especially if the governing equations are

not known and only experimental data are available. A signifi-

cant challenge arises from chaotic behavior, as this makes a pre-

cise long term prediction of future states impossible. While low

dimensional chaotic dynamics is relatively well understood via the

geometric theory of differential equations,1,2 higher dimensional

systems are usually treated using ergodic theory.3,4 We propose a

quantitative measure to assess the rate at which an ergodic system

loses its memory, i.e., how fast the future states become inde-

pendent of the initial condition. This method is computationally

feasible and can be applied to experimental data observed in any

metric space. The applicability of the method is demonstrated

by considering a complex system of interacting particles model-

ing sheared granulars, where we show that the memory loss is

related to the sudden transitions of the force network describing

the interaction between the particles.

I. INTRODUCTION

The dynamics of chaotic systems is characterized by sensitive
dependence on the initial conditions. This causes that the forecast
accuracy decays with time. However, the rate at which the precision
of predicted states declines is system dependent. There are different
ways to quantify this rate, such as Lyapunov exponents,5 entropy,5

and mixing rate of the system. In this paper, we introduce a method
for estimating the mixing rate.

We consider a dynamical system on a metric space X generated
by a function f : X → X with an invariant measure µ. The invariant
measure satisfies µ(f−1(A)) = µ(A) for all measurable sets and plays
a central role in ergodic theory.3 It provides information about the
long term behavior of the system. For physical systems, there is usu-
ally a unique observable invariant measure that can be approximated
from data.5

The invariant measure can be used to quantify the rate at which
the trajectories starting from a set A mix in the phase space. Loosely
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speaking, the set fm(A) is well mixed if µ(fm(A) ∩ B) ≈ µ(A)µ(B)

for all measurable sets B ⊂ X. If the set fm(A) is well mixed, then
the fact that x0 ∈ A does not allow us to accurately predict fm(x0). In
particular, fm(x0) can be in any set B with probability approximately
given by µ(A)µ(B). Hence, if the initial conditions inside the set A
are indistinguishable due to a limited resolution, then our ability to
predict the future declines with decreasing value of |µ(fm(A) ∩ B)

− µ(A)µ(B)|.
In this paper, we present a method for inferring the rate at

which a discrete or continuous dynamical system loses its mem-
ory. For a continuous dynamical system, the map fτ at the time
scale τ is defined as follows. If x(t, x0) is the trajectory of the system
with the initial point x(0, x0) = x0, then fτ (x0) = x(τ , x0). However,
for computational purposes, it is preferable to choose a sufficiently
small value of τ and consider the discrete dynamical system given
by f := f τ . In order for the method to be applicable to experimental
data, we do not require knowledge of f. We only need a finite sam-
ple { xn }N

n=0 of a trajectory starting from some initial condition x0.
The main idea is to analyze the cumulative distribution functions
(CDFs), FN

m, of the distances { d(xn, xn+m) }N−m
n=0 for different values

of m. Theorem II.4 implies that, under certain conditions, the con-
vergence rate of FN

m can be used to estimate the mixing rate of the
system.

The power of our measure is demonstrated by considering
sheared granular systems consisting of a large number of inter-
acting particles. One of the problems in analyzing such systems is
that their description in terms of particles’ positions and moments
is incomplete since it does not capture the properties of the par-
ticle interactions. Even for the simplest case of a static system of
(frictional) granular particles, the interaction field is not uniquely
determined by the particle positions. Both physical experiments and
simulations have shown that the forces acting between the parti-
cles form complex interaction force networks that are known to be
crucial for understanding the mechanical properties of the system.6

However, even these networks do not completely describe the state
of the granular system and cannot be used to define its phase space.

In many applications, the dynamics cannot be observed directly
in the phase space. Thus, it is essential that our method provides a
meaningful estimate of the rate of memory loss if f is defined on an
observation space that differs from the phase space of the system.
Actually, we will show that for systems exhibiting symmetries such
as granular systems,7–9 it is more appropriate to infer this rate in a
properly chosen observation space. This is due to the fact that the
trajectories can move along the direction of a continuous symmetry,
and the system can be losing its memory even if it is not mixing in
the phase space.

To quantify the rate of memory loss in sheared systems, we
analyze the time evolution of the interaction force networks. As
already mentioned, there are many symmetries that can lead to dras-
tic underestimating of this rate if our method were to be applied
directly. To avoid this problem, we use the tools of algebraic topol-
ogy to capture important properties of these networks.9 In partic-
ular, we use persistence diagrams10,11 to quantify the changes in
topology of an interaction force network as the force level changes
from infinity to zero.12,13 In this way, each interaction force network
is mapped to a point in a non-linear metric space of persistence
diagrams. This mapping can be seen as a data reduction that

quotients out the undesired symmetries. Thus, the space of
persistence diagrams is well suited for the study of the dynamics of
interaction force networks.14,15

By using our method, we shed new light on the dynamics of a
simple shear flow of granular particles in the regime where inertial
effects are strong and particles are stiff. We show that dependence of
the rate of memory loss on the parameters of the system is nonlinear
and not at all obvious. The global dynamics of the system changes
erratically with the control parameter, suggesting the presence of
bifurcations, even if the inertial number16 is kept fixed. We also find
that the rate of memory loss is closely connected to the frequency
of abrupt changes in the persistence diagrams of the interaction
force networks, triggered by a sudden reorganization of the net-
work. Moreover, we demonstrate that these changes are correlated
to system-wide average measures such as the shear stress.

The paper is organized as follows. The method for inferring
the rate at which a discrete dynamical system loses its memory is
introduced in Sec. II. Section III demonstrates its application to the
dynamical systems generated by the tent map, logistic map, and to
continuous time dynamical systems given by ordinary differential
equations. Section IV deals with inferring the rate of memory loss in
an observation space instead of the phase space. It also suggests how
to obtain the correct rate if the system contains symmetry-related
trajectories. In Sec. V, we analyze the dynamics of a large number of
interacting particles modeling granular systems. Finally, in Sec. VI,
we briefly discuss the challenges that might arise if the method is
applied to experimental data.

II. MEMORY LOSS

Now, we present our method for inferring the rate at which a
dynamical system loses memory. Let (X, �, d) be a measurable space
with sigma algebra � and the distance function d. To ensure the
applicability of the method to experimental data, we do not require
knowledge of the function f : X → X generating the system. The
method is based on the analysis of a finite sample, { xn }N

n=0, of a tra-
jectory starting from some initial condition, x0. From this sample, we
compute the CDFs, FN

m, of the distances { d(xn, xn+m) }N−m
n=0 for differ-

ent values of m. We show that the convergence rate of the functions
FN

m can be used to assess the rate at which the memory is lost.
Naturally, a method is only useful if it does not depend on

the choice of the initial condition, x0. It turns out that a dynamical
system generated by f can have more than one invariant measure.
However, in many cases, the time evolution of physical systems pro-
duces well defined time averages.5 This leads to a naturally selected
measure, called the physical measure. For a dissipative system, this
measure is concentrated on the attractor. Moreover, if f : R

k → R
k

is a C2 diffeomorphism with an Axiom A attractor A whose basin
of attraction is U, then there is a unique invariant measure, µ, that
produces well defined time averages.17,18 To be more precise, there
exists V ⊂ U, with the same Lebesgue measure as U, and for every

x ∈ V, we obtain limN→∞
1
N

∑N
n=0 δfn(x) = µ, where δfn(x) is a Dirac

measure concentrated on f n(x).
For systems with the abovementioned properties, limN→∞

FN
m = Fm, where Fm is the CDF of the random variable d(x, fm(x))

with x distributed according to µ. Thus, it is reasonable to expect
that, for a large class of physical systems, the functions FN

m do not
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depend on the initial condition x0 and approximate Fm well if the
sample is long enough. Examples presented in Sec. III indicate how
to detect that a sample is not sufficiently long.

In the rest of this section, we relate the convergence rate of
the functions Fm to the rate of memory loss. For a set A ∈ �, with
µ(A) 6= 0 and m ∈ N, we define

mix(A, m) := µ−1(A) sup
B∈�

|µ(A ∩ f−m(B)) − µ(A)µ(B)|,

which quantifies how well the trajectories starting from A are mixed
at time m. The normalization factor, µ−1(A), ensures that even a set
A with a small measure has to be well mixed after m steps if the value
of mix(A, m) is small. To assess the global rate of memory loss, we
will consider partitions of the phase space X.

Definition II.1: A collection of sets T is a partition of X if for
all A, B ∈ T

1. A ⊂ X.
2. A ∩ B 6= ∅ implies that A = B.

For a partition T , we define its diameter

diam(T ) = sup
A∈T

sup
x,y∈A

d(x, y)

and a measure of how well it is mixed,

mix(T , m) = sup
A∈T

mix(A, m).

To prove the convergence of the functions Fm, we have to
require that the measure µ is bounded on neighborhoods of spheres,
as is made precise in the following definition.

Definition II.2: Let µ be a measure on the space (X, �, d). For
x ∈ X, s ∈ R, and ε > 0, we define

Sx,s(ε) := { y ∈ X : s − ε ≤ d(x, y) < s + ε }.

We say that the measure µ is S-bounded if there exists positive con-
stants K and ε such that µ(Sx,s(ε)) ≤ Kε for all x ∈ X, s ∈ R, and
ε < ε.

The condition might look a bit strange, but as the following
remark suggests, it is not overly restrictive.

Remark II.3: If X is a compact subset of R
k and the measure

µ on X has a bounded density with respect to the Lebesgue measure,
then µ is S-bounded.

Proof. Let g be the bounded density of µ with respect to
the Lebesgue measure and ε > 0. Choose R large enough so that
the ball with radius R centered at the origin contains X. Then,
µ(Sx,s(ε)) =

∫

Sx,s(ε)
g(x)dx is bounded by the volume of Sx,R(ε) times

maxx∈X(g(x)). The volume of a ball with radius r in R
k is πk/2rk

0(k/2+1)
;

therefore, we can bound the volume of Sx,R(ε) from above by

2εk(R + ε)k−1 πk/2

0(k/2+1)
for all ε < ε. Thus, the measure µ is S-

bounded. �

Finally, we are in the position to state the main theorem con-
cerning the convergence rate for Fm. It shows that the convergence
rate of Fm provides an upper bound on how fast the partitions with
a decreasing diameter are mixed. We will demonstrate in Secs. III
and V that this convergence rate is useful for inferring the rate of
memory loss in the system.

Theorem II.4: Suppose that f : X → X has an S-bounded
invariant measure µ. Let { εm }∞

m=1 be a sequence of positive numbers
converging to zero. If there exists a sequence of partitions {Tm }∞

m=1

of X such that diam(Tm) < εm and mix(Tm, m) < εm, then Fm con-
verges to the cumulative distribution F of the distance d(x, y) between
two random variables x and y, which are i.i.d. according to µ.

Moreover, there exists a constant C > 0 such that

||Fm − F||∞ < Cεm. (1)

Proof. By definition,

Fm(s) = µ({ x ∈ X : d(x, fm(x)) < s })

and

F(s) = µ̄({ (x, y) ∈ X × X : d(x, y) < s }),
where µ̄ is the product measure. It follows from the additive prop-
erty of the measure that Fm and F can be calculated as

Fm(s) =
∑

T∈Tm

µ({ x ∈ T : d(x, fm(x)) < s }) (2)

and

F(s) =
∑

T∈Tm

µ̄({ (x, y) ∈ T × X : d(x, y) < s }). (3)

For every set T ∈ Tm, we choose a point xT ∈ T and define

BxT ,s := { x ∈ X : d(xT, x) < s }.

The following inequality follows from Eqs. (2) and (3) and the
triangle inequality:

|Fm(s) − F(s)| ≤
∑

T∈Tm

∣

∣µ({ x ∈ T : d(x, fm(x)) < s })

− µ({ x ∈ T : fm(x) ∈ BxT ,s })
∣

∣

+
∑

T∈Tm

∣

∣µ({ x ∈ T : fm(x) ∈ BxT ,s }) − µ(BxT ,s)µ(T)
∣

∣

+
∑

T∈Tm

∣

∣µ(BxT ,s)µ(T) − µ̄({ (x, y) ∈ T

× X : d(x, y) < s })
∣

∣ . (4)

To show that inequality (1) holds, we need to properly bound the
individual terms of inequality (4).

We start by estimating the terms in the first sum. To do this,
we denote the symmetric difference of two sets A and B by A1B
and recall that |µ(A) − µ(B)| ≤ µ(A1B). The fact that BxT ,s−εm ⊂
Bx,s ⊂ BxT ,s+εm for all x ∈ T implies

{ x ∈ T : d(x, fm(x)) < s }1{ x ∈ T : fm(x) ∈ BxT ,s } ⊆
{ x ∈ T : fm(x) ∈ SxT ,s(εm) } = f−m(SxT ,s(εm)) ∩ T.

Now, by using mix(Tm) < εm, we obtain

|µ(SxT ,s(εm))µ(T) − µ(T ∩ f−m(SxT ,s(εm)))| ≤ εmµ(T).

Finally, the measure µ is S-bounded; therefore,

µ(T ∩ f−m(SxT ,s(εm))) ≤ εmKµ(T) + εmµ(T).

Therefore, the first sum in (4) is bounded by εm(K + 1).
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Now, we turn our attention to the second sum. Note that { x ∈
T : d(xT, fm(x)) < s } = f−m(BxT ,s) ∩ T. Using that mix(Tm) < εm, we
can bound the second sum by εm. By a similar argument as in the
case of the first sum, we can bound the last sum by Kεm. We leave
this to the reader. By combining the estimates for the individual
sums, we get inequality (1) with C = 2(K + 1). �

III. APPLICATIONS

A. Tent map

We start by considering a classical example of a simple sys-
tem producing ergodic dynamics, the tent map, on the unit interval
[0, 1]. The map is defined by f(x) := 2 min{ x, 1 − x }. The invari-
ant measure of this system coincides with the Lebesgue measure on
[0, 1], which is S-bounded. Therefore, we can use Theorem II.4 to
estimate the convergence rate of ||Fm − F||∞.

The local expansion rate of this system is equal to two.
Moreover, for n ∈ N and i ∈ { 0, 1, . . . 2m − 1 }, every interval
Ti

m = [i2−m, (i + 1)2−m] is uniformly stretched to [0, 1] by fm. This
implies that for a fixed m and every measurable set E ⊂ [0, 1], the
measure µ(f−m(E) ∩ Ti

m) is the same for all i. Because f preserves
µ, it has to be equal to µ(E)2−m, which is exactly µ(E)µ(Ti

m);
therefore, |µ(f−m(E) ∩ Ti

m) − µ(E)µ(Ti
m)| = 0. We consider the

sequence of partitions {Tm }∞
m=0, where Tm consist of the sets Ti

m for
i ∈ { 0, 1, . . . 2m − 1 }. Note that diam(Tm) = 2−m and mix(Tm) = 0.
Thus, Theorem II.4 implies that

||Fm − F||∞ ≤ C2−m. (5)

The fact that the invariant measure, µ, coincides with the
Lebesgue measure on [0, 1] makes it easy to calculate the limiting
distribution,

F(s) =











0 if s < 0,

2s − s2 if 0 ≤ s ≤ 1,

1 if s > 1.

The above formula allows us to study the convergence rate
||FN

m − F||∞ of the approximate distributions obtained from a finite
sample { xi }N

i=0. We take N = 5 × 106 and consider a trajectory start-
ing from x0 = 0.1. Due to the binary floating-point representation of
the numbers in a computer, the direct iteration of the tent map does
not produce a good sample of the trajectory. We use the fact that the
tent map is homeomorphic to the logistic map with parameter r = 4
and define xn := 2

π
sin−1(y1/2

n ), where yn is a trajectory of the logistic
map. From this sample, we calculate the CDFs, FN

m, of the distances

{ d(xn, xn+m) }N−m
n=0 for different values of m.

Figure 1(a) suggests a convergence of FN
m as m → ∞. The

value of ||FN
m − F||∞ is shown in Fig 1(b). The decay exhibited by

||FN
m − F||∞ is consistent with Eq. (5) only for m ≤ 5. For m ≥ 5, the

differences between the FN
m and F are small, and to observe the pre-

dicted decay, one would need better approximations of Fm. A better
approximation of the “spatial averages” Fm by the “time averages”
FN

m could be achieved by using a longer sample of the trajectory.
It might seem that the decay given by Eq. (5) is closely con-

nected to the Lyapunov exponent, which is equal to ln 2. However,
Theorem II.4 shows that the convergence rate reflects the mixing
rate, which has a more global nature than the Lyapunov exponent.

FIG. 1. (a) CDFs FN
m
of { d(xn, xn+m) }N−m

n=0 for the trajectory of the tent map start-

ing at x = 0.1 and N = 5 × 106. (b) Rapid decay of ||FN
m

− F||∞ shows that FN
m

gets close to F as m increases.

To provide further intuition, we turn our attention to the study of
the logistic map.

B. Logistic map

The logistic map on the interval [0, 1] is defined by

fr(x) := rx(1 − x),

where r ∈ [0, 4]. For larger values of r, dependence of the dynamics
on the parameter r is complicated and exhibits a large number of
different bifurcations. This is documented by the erratic behavior
of the Lyapunov exponents, shown in Fig. 2(a). We recall that the
Lyapunov exponents measure the local expansion rate of the system
and can be used to estimate the complexity of the dynamics.5

However, the rate of memory loss is a more global property
of the system. For the dynamical systems defined on R

k, it is often
inferred from the decay of the autocorrelation function, Ar(m),19

depicted in Fig. 2(b). Ar(m) switches between positive and nega-
tive values since a generic trajectory approaches different unstable
periodic orbits that exhibit oscillations between large and small val-
ues during the consecutive iterations. For the values of r leading to
the Lyapunov exponents λ(r) > 0.3, the decay rate tends to increase
with r and is not directly correlated to the values of the Lyapunov
exponents. For the value of r leading to λ(r) = 0.054, the visual
inspection of the trajectory suggests a lack of mixing. Alternatively,
the dynamics seems to be dominated by an unstable periodic orbit
with period 8. This is in accord with the apparent periodicity of
Ar(m).

The advantage of our measure over the autocorrelation func-
tion is that it can be computed even if the phase space (observation
space) of the dynamical system is non-linear because we only need
to estimate the CDFs, FN

m. In particular, to estimate the rate of mem-

ory loss for the system given by fr, we generated a sample { xr
i }N=105

i=0

of its trajectory and computed the CDFs, FN
m,r, of the distances

{ d(xr
n, xr

n+m) }N−m

0
for different values of m. To prevent the clutter-

ing of the notation, we omit r even though all functions in the rest
of this section depend on r. In general, the limiting distribution F
is not known, and one needs to estimate it. This can be done by
using F := Fm for m so large that the distributions Fm virtually do
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FIG. 2. (a) Lyapunov exponents λ(r) for the logistic map for different values of the parameter r . Lyapunov exponents for the values of r considered in (b) and (c) are
emphasized. (b) Autocorrelation Ar of the states for the logistic map for different values of r . (c) Decay of ||FNm − F||∞ is faster for the systems exhibiting faster decay of
correlations.

not change with m anymore. For the logistic map and the consid-
ered values of r, with λ(r) > 0.3, the distributions stabilize before
m = 100. Thus, we use F := F100.

Figure 2(c) depicts ||FN
m − F||∞. Clearly, the functions FN

n do
not seem to converge for the value r with Lyapunov exponent
λ(r) = 0.054, indicating the lack of mixing. Similarly, to the cor-
relation function, the decay rate of ||FN

m − F||∞ increases with r as
long as λ(r) > 0.3. Hence, both measures indicate that the rate of
memory loss for these systems increases with r. Moreover, note
that the slope of the curves ||FN

m − F||∞ is well defined even at the
places where the autocorrelation is already close to zero. This shows
that there is a non-linear dependence between x and fm(x) even for
m ≥ 30, which cannot be captured by linear methods, such as auto-
correlation function. Moreover, the slope of ||FN

m − F||∞ provides an
upper bound on the rate of mixing.

C. Continuous dynamics

If the map f is a time τ map of a continuous dynamical system,
then the behavior of the functions Fm provides information about
important time scales of the system. Let us consider a differential
equation ẋ = h(x), where x ∈ R

k, and suppose that f is its time τ

map. Under the conditions mentioned earlier, the functions Fm can
be estimated by a sufficiently long stroboscopic sample of a single
orbit.

For a short time scale τ , the dynamics tends to be well approx-
imated by the linearization of the system and d(x(t), x(t + τ))

≈ τ ||h(x(t))||2, where || · ||2 is the Euclidian norm in R
k. By ana-

lyzing the scaling properties of Fm, one can detect the longest time
scale at which the system is well approximated by its linearization. If
the dynamics of ẋ = h(x) is well approximated by its linearization at
the time scale mτ , then d(x(t), x(t + mτ)) ≈ md(x(t), x(t + τ)) and
Fm(s) ≈ F1(ms). This scaling is lost at the time scale at which the
non-linear effects become important.

Similarly, as in Secs. III A and III B, the convergence of the
functions Fm suggests that the system has a bounded attractor, and

the rate of convergence of ||FM
m − F||∞ provides an upper bound on

the rate of the memory loss.

IV. INFERENCE IN THE OBSERVATION SPACE

In Secs. II and III, we explained how to infer the rate at which a
dynamical system loses its memory. The main idea was to measure
the distances between the states along a sampled trajectory { xn }N

n=0.
In particular, we concentrate on a discrete dynamical system given
by f : X → X, with an invariant measure µ defined on the measure
metric space (X, �, d). However, in many applications, the dynamics
cannot be observed directly in the phase space. Alternatively, one
needs to rely on the measurements carried out in some observation
space.

In the rest of this section, we suppose that there is a map
p : X → Y from the phase space X to the observation space Y that
relates the state of the system to the measured quantities. Under
certain conditions, we can use similar ideas as before to infer the
rate of memory loss. While the trajectory cannot be sampled in the
phase space X, we can still obtain its sample { p(xn) }N

n=0 in the met-
ric space (Y, dY). Similarly, as before, we define FN

m as a CDF of

{ dY(p(xn), p(xn+m)) }N−m
n=0 and F as the CDF of the distance func-

tion dY(p(x), p(y)), where the random variables x and y are i.i.d.
according to µ in X.

Using similar arguments as before, one can prove the exact ana-
log of Theorem II.4 under the following assumptions. The map p is
Lipschitz, and the pullback of the measure µ with respect to p is S-
bounded; i.e., there exists a constant K such that for every y ∈ Y and
s, ε > 0,

µ(p−1(Sy,s(ε))) ≤ Kε,

where Sy,s(ε) := { z ∈ Y : s − ε ≤ dY(y, z) < s + ε }.
It turns out that for certain applications, it is preferable to infer

memory loss in an appropriate observation space. The following
example is motivated by physical problems that exhibit symmetries,
such as Kolmogorov flow20 and sheared granular systems.7–9 Because
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of the symmetries, a single trajectory can generate a set of symmetry-
related trajectories that are dynamically equivalent. In particular, a
trajectory can move along a direction of a continuous symmetry. To
mimic this scenario, we consider a simple dynamical system on the
cylinder X = [0, 1] × [0, 2π], where the end points of the second
interval are identified to a single point. The dynamics is generated
by the map

f(x, θ) = (2 min{ x, 1 − x }, (θ + α) mod 2π),

where α ∈ (0, π].
Indeed, the CDFs FN

n of the sampled trajectory { (xn, θn) }N
n=0 ⊂

X do not converge. Alternatively, for example, if α is rational, they
change periodically with n. Therefore, our method identifies a lack
of mixing. However, the precision of the predictions decreases with
time in the same manner as for the tent map considered in Sec. III A.
We can think of this scenario as a chaotic orbit drifting along the
direction of a continuous symmetry θ . Thus, it is natural to quotient
out this symmetry by using a projection p(x, θ) = x. After apply-
ing this projection, our method correctly identifies that the rate of
memory loss is the same as for the one dimensional tent map.

In general, eliminating the symmetries might not be so straight-
forward. For example, the symmetries in the sheared granular
system depend on the properties of the particles and the precise
geometry of the system. Defining a projection p that quotients out
exactly the symmetries of this system is extremely complicated and
computationally intractable. Although the map p defined by persis-
tent homology is not completely understood, in our earlier work, we
showed that persistent homology provides a useful tool for a quanti-
tative description of the interaction force networks12 that encode the
mechanical properties of the granular material. Therefore, in Sec. V,
we will study the evolution of interaction force networks in the space
of persistence diagrams.

V. MEMORY LOSS OF SHEARED SYSTEMS

A. Simulations of linearly sheared systems: An

overview

Now, we apply our method to simulations of sheared granu-
lar particles. The details of the simulation protocol are given in the
Appendix. Here, we only provide a brief overview. To avoid as much
as possible the complications involved in inhomogeneous flows, but
also governed by the goal to consider experimentally realizable con-
figurations, we consider the following setup. Two-dimensional fric-
tional bidisperse circular particles (elastic disks) are placed between
solid walls that impose shear flow (shear rate γ̇ ) by moving to the
right (top) and to the left (bottom) with the same speed, v. In what
follows, all the relevant quantities are non-dimensionalized. We use
the average particle diameter, mass, and binary collision time, τc,
as the length, mass, and time scale, respectively (see the Appendix).
To ensure uniform flow, the particles are placed on a solid sub-
strate that moves with a linear velocity profile, similarly as in recent
experiments.21 The walls are subject to the applied pressure, P, cho-
sen in such a way that the interaction forces between the particles
are orders of magnitude stronger than the particle/substrate forces.
In the present work, we vary both the shear rate and the applied
pressure, while keeping the inertial number I = γ̇

√
m/P constant.
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FIG. 3. FN
2i
[u] for the system (a) S1 and (b) S5. The value of i is indicated by the

color bar.

There are three relevant time scales in the considered setup:

ts = 1/γ̇ (shear time), tI =
√

m/P (inertial time), and tc =
√

m/kn

(binary collision time, also comparable to the time needed for a sig-
nal to propagate through a grain). One could also think of the typical
contact time between the particles as a relevant time scale; however,
for the simple shear flow considered here, this time is comparable to
tI. Out of these three time scales, one can produce two independent
parameters; one possibility is to define I = tI/ts and κ = tI/tc. Since
tc � tI � ts, I � 1 and κ � 1 (for the reference case, I ≈ 10−4 and
κ ≈ 105, see the Appendix). For such large values of κ , it has been
argued that the main features of the flow are κ-independent and that
the effect of a finite elastic modulus of the particles can be ignored.16

Note that two simulations with different values of P and γ̇ , but with
I and κ being the same, are identical after rescaling the time with ts.

We take the simulations using P = 1 and v = vref ≈ 2.5 × 10−5

as the reference case and refer to the system sheared with v = uvref

by Su. For different values of u, we record the positions of the par-
ticles and the forces acting between them at the times tn = 2nτc,
where n = 0, . . . , N = 5 × 106. By applying persistent homology to
the interaction force networks recorded at the times tn, we obtain
a sequence { xn }N

n=0 that captures the evolution of the topological
properties of the interaction force network along the sampled tra-
jectory. To assess the differences between the persistence diagrams,
we use the Wasserstein dW2 distance, which mitigates the influence
of noise.12
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FIG. 4. (a) Estimated limiting distributions F[u], given by FN
215
[u], for different

systems. (b) Value of ||FN1t
[u] − F[u]||∞ as a function of 1t, where 1t = 1

corresponds to 2τc.

B. Memory loss of linearly sheared systems

Now, we use our method to infer the rate of memory loss for the
systems Su. Using the sample { xu

n }N
n=0 of the system Su, we compute

the CDFs FN
m[u] of { dW2(xu

n, xu
n+m) }N−m

n=0
. Figure 3 suggests that FN

m[1]
and FN

m[5] converge. For every Su, we have verified that the functions
FN

m[u] do not depend on the initial conditions and change very little
for m ≥ 104. Hence, we approximate the limiting distributions F[u]
by FN

215 [u]. As documented by Fig. 4(a), the limiting distributions
F[u] vary with u, and there is no obvious trend. Thus, the asymptotic
dynamics of the systems Su changes in a rather complicated manner.

To study the systems Su on the physical time scale, we denote
a CDF of { dW2(xu(t), xu(t + 1t)) } by FN

1t[u]. Figure 4(b) shows
||FN

1t[u] − F[u]||∞ as a function of 1t for different systems Su. It
indicates that the rate of memory loss increases with u but in a
non-smooth fashion. This suggests a presence of bifurcations along
the parameter u. The rate of memory loss increases with u as we
pass over the consecutive bifurcation values, while it stays essentially
constant away from these values.

Based on the earlier discussion about the expected minor influ-
ence of the elastic modulus, κ , it is natural to analyze memory loss
by considering the time scaled by ts. To be specific, we rescale the
time by the wall speed in such a way that the wall moves by one
particle diameter during one time unit. Using the rescaled time
tu = t/(uvref), we consider ||FN

1tu
[u] − F[u]||∞ as functions of 1tu.
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FIG. 5. (a) Value of ||FN1tu
− F||∞ as a function of 1tu for different systems.

Time tu is scaled by the wall speed. (b) Value of ||FN1t∗u
− F||∞ as a function of

1t∗
u
for different systems. Time t∗

u
is scaled by the number of transitions.

Figure 5(a) indicates that the decay rate of ||FN
1tu

[u] − F[u]||∞ varies
erratically with u.

This finding is surprising since, as mentioned earlier in the text,
one would expect essentially identical behavior of the considered
systems given that the inertial number I is kept fixed and the val-
ues of κ are large. To better understand this behavior, we recall that
at the physical time scale, the rate of memory loss does not change
much with u unless the parameter u passes through an expected
bifurcation value. At those values, the rate increases with u; see
Fig. 4(b). On the other hand, Fig. 5(a) shows that at the time scale
tu, the rate of memory loss decreases with u between the consecu-
tive bifurcations, and this is consistent with the results obtained in
Ref. 16.

Now, we connect the unexpected behavior shown in Fig. 5(a)
directly to the evolution of the interaction force network. The ani-
mations (https://youtu.be/TutEfCInHJc and https://youtu.be/tY_sX
anVP1M) indicate that this evolution exhibits slow–fast dynamics:
the slow dynamics is dominated by a buildup of “force chains” that
buckle, leading to large and fast rearrangements. We proceed to ana-
lyze these transitions and their possible connection to the memory
loss.

To quantify the transitions, we consider the evolution of the
systems at the fastest time scale given by our sampling. Let Du(tu) be
the dW2 distance between the state of the system Su sampled at time tu

and the next sampled state. The peaks of Du, visible in Fig. 6, indicate
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FIG. 6. Values of (a) D1(t1) and (b) D5(t5). The detected transitions are marked
by red boxes.

the presence of abrupt transitions of the system, which otherwise
exhibits a relatively slow evolution. We define individual abrupt
transitions as distinct peaks of Du that exceed a threshold value of
0.3. While the exact number of detected transitions depends on the
choice of the threshold, we find that the following results hold for
thresholds in [0.2, 0.4]. Note that if D̄u is the mean of Du and σDu

is its standard deviation, then the interval [D̄u + σDu , D̄u + 3σDu ] ⊂
[0.2, 0.4] for each Du.

Let δtu be the average time between the two consecutive
abrupt transitions of the system Su and consider the rescaled time
t∗ = tu/δtu. Note that t∗ does not depend explicitly on u but only
on the number of transitions. Figure 5(b) shows that the values of
||FN

1t∗ [u] − F[u]||∞ are very similar for all systems Su. This suggests
that the rate of memory loss depends universally on the frequency
of the transitions. Thus, we conjecture that the memory is pre-
dominantly lost during the abrupt transitions caused by localized
buckling of the force chains.

Finally, we investigate the influence of the abrupt transitions on
global measures such as the Cauchy tensor, defined by

σij =
1

2A

∑

ck ,p

(Firj + Fjri), (6)

where A is the area of the domain, ri,j are the Cartesian compo-
nents of the vector pointing from the center of particle p toward
the particle contact ck, and Fi,j are the corresponding interparti-
cle force components. The sum is over all interparticle contacts ck
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FIG. 7. (a) Autocorrelation of the shear stress as defined in the text. (b) Average
number of transitions Eu of the system Su during the time interval in which its wall
moves by two particle diameters. The error bars indicate the standard deviation.

for all particles p, excluding the particle–wall contacts. Figure 7(a)
shows the temporal autocorrelation of the shear stress (off diagonal
component σij ). We see that the ordering of the autocorrelations
for various values of u is similar to the ordering of the curves
||FN

1tu
− F||∞; see Fig. 5(a). Moreover, only a handful of transitions

occur before the autocorrelation drops below 0.2. Figure 7(b) shows
the average number Eu of transitions of the system Su during the
time that the wall moves by two particle diameters. Figures 7(a)
and 7(b) indicate that the systems with large Eu decorrelate faster,
which further strengthens our hypothesis that the memory of the
system is predominantly lost during the abrupt transitions.

VI. CONCLUSION

In this paper, we developed a method for estimating the rate
of memory loss in complex spatiotemporal systems. We proved
that our method provides an upper bound on the mixing rate of
stationary systems satisfying some regularity conditions.

Many physical systems of practical interest involve nonstation-
ary dynamics. There are at least two reasons for this. First, the
physical system is stationary, but the dynamics has not yet settled
on the attractor. Second, the system is non-autonomous, with time-
varying parameters. In either of these cases, whether our methods
apply or not depends on the considered time scale. If on the time
scale at which our data are collected the trajectories continuously
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drift across the phase space, then the distributions Fτ of the dis-
tances d(x(t), x(t + τ)) between the states of the system (τ -time
units apart) will not converge to a limiting distribution F. Thus, the
lack of convergence identifies the lack of stationarity.

It is worth noting that in practice, the usefulness of our
approach does not depend on stationarity. In the context of our
simulation of the force networks of a granular system, we did not
establish that the trajectory covers the full attractor (though we sus-
pect that this is the case). Thus, it is possible that at a much longer
time scale, the distribution F is different. Nevertheless, as shown in
Fig. 3, we observe that the last half dozen curves indicate the time
scale at which the distributions Fτ almost stop changing.

Therefore, if we consider a non-stationary system where the
change in dynamics caused by the parameter shift is much slower
than the evolution for the given parameter, then we would expect
to see the same phenomenon: the evolution of the distributions
Fτ will exhibit a similar pattern as in Fig. 3, a rapid change fol-
lowed by a slow change due to the drift of the system. Nevertheless,
the value of τ at which the rate of change of the distributions
Fτ decreases considerably indicates the time scale on which the
memory is lost.

In our study of time evolution of the interaction force networks
in a sheared granular system, we have estimated the distributions
Fτ by using 5 × 106 samples along a single orbit. Producing long
samples of trajectories experimentally might be very challenging.
Fortunately, this is not necessary since the distributions, Fτ , could
be estimated from shorter samples of multiple trajectories by using
a variety of well established statistical methods.22 This estimate can
be carried out even if some observations are missing or the sam-
pling rate is not uniform. The only requirement on the data is that
the individual trajectories are sampled at least for the amount of
time exceeding the time scale on which the memory of the system
is lost. It is important to mention that the quality of the esti-
mated distributions Fτ will depend on the level and type of noise
present in the data set. In particular, the estimated distributions will
not converge. Alternatively, in the stationary case, they will fluc-
tuate around the true limiting distribution. If the signal-to-noise
ratio is not too small, then these fluctuations will be smaller than
the initial changes of the distributions Fτ , and one can identify
the value of τ at which they start to fluctuate around the limiting
distribution.

The above challenges did not arise in our study of granular
systems since we used simulated data. For these systems, we have
shown that the dependence of the dynamics on the control param-
eters is very complex even for the simple case of uniform flow in
a planar geometry. The rate of the memory loss depends erratically
on the stiffness of the particles even if the particles are stiff and the
inertial number is fixed. While proper understanding of this depen-
dence should be the subject of future research, we have found that
the rate of memory loss is strongly correlated with the frequency
of abrupt transitions of the interaction force network. The fact that
even a simple planar flow of circular particles exhibits an extremely
complex dependence on the control parameters suggests that signif-
icant new research is still needed in the field of dynamics of dense
granular matter. In particular, much more work will be needed to
fully understand the systems exposed to more complex flows or the
ones built from more complex particles.
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APPENDIX: PARTICLE INTERACTIONS AND A

SIMULATION PROTOCOL

The particles in the considered system are modeled as 2D
soft frictional inelastic disks that interact via normal and tangential
forces, specified here in a nondimensional form. We use the average
particle diameter, dave, as the length scale, the binary particle col-

lision time τc = 2π
√

dave/(2gkn) as the time scale, and the average
particle mass, m, as the mass scale. The force constant, kn (in units
of mg/dave), is set to a value corresponding to photoelastic disks.23

The parameters entering the linear force model can be connected
to physical properties (Young modulus, Poisson ratio) as described,
e.g., in Ref. 24.

The dimensionless normal force between the ith and the jth
particle is

Fn
i,j = knxi,jn − ηnmvn

i,j,

where vn
i,j is the relative normal velocity, m is the reduced

mass, and xi,j = dave − ri,j is the amount of compression, with
dave = (di + dj)/2 and di, dj diameters of the particles i and j. The
distance between the centers of the ith and jth particle is denoted
as ri,j. The parameter ηn is the damping coefficient in the normal
direction, related to the coefficient of restitution set to e = 0.5.

We implement the Cundall–Strack model for static friction.25

The tangential spring ξ is introduced between particles for each
new contact that forms at time T = T0 and is used to determine the
tangential force during the contact of particles. Due to the relative

motion of particles, the spring length ξ evolves as ξ =
∫ T

T0
vt

i,j(t)dt,

with vt
i,j = vi,j − vn

i,j and vi,j being the relative velocity of particles

i, j. The tangential direction is defined as t = vt
i,j/|vt

i,j|. The direc-

tion of ξ evolves over time, and we thus correct the tangential spring
as ξ = ξ − n(n.ξ). The tangential force is set to

Ft = min(µ|Fn|, |Ft∗|)Ft∗/|Ft∗|,

with

Ft∗ = −ktξ − ηtmvt
i,j.

Viscous damping in the tangential direction is included in the
model via the damping coefficient ηt = ηn. The value of the normal
spring constant is kn = 4 × 103, and parameters ηn and kt are set to
ηn = 1.4 (consistent with the specified value of e = 0.5) and
kt = 0.8kn. The friction coefficient is set to µ = 0.7.

In the simulations, the particles are placed on a base that moves
with the speed that varies linearly from 0 to the speed of the top wall.
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The purpose of the base is to ensure a linear velocity profile across
the domain. There is a dissipative effect from friction between the
particles and the base; for the ith particle,

−µb|g|
ai(t)

|ai(t)|
,

where µb is the friction between the particle and the base and ai is
the acceleration of the ith particle. The magnitude and direction of
ai are determined here from the interaction of the particle i with all
particles in contact,

ai =
1

mi

∑

ci

Fi,ci ,

where ci runs over all particles in contact with particle i.
In our simulations, we integrate Newton’s equations of motion

for both the translational and rotational degrees of freedom using a
4th order predictor–corrector method with time step 1t = 0.02. Ini-
tially, particles are placed on a grid and given random initial velocity.
Particles are bidisperse with the ratio of the large to small particle
diameter 1.4. Approximately 1/3 of the particles have a large diam-
eter and 2/3 of the particles have a small diameter. There are ≈1200
particles, and the rectangular domain is 54 particle diameters wide
and 23 particle diameters high (in terms of dave).

Our simulations start by slowly compressing the domain with
a specified pressure, P = k2P0, applied on the top wall until the top
wall reaches a steady position. The system is then sheared with veloc-
ity v = kv0, where v0 = 2.5 · 10−5 (in the units of dave/τc). Walls are
built of monodisperse particles with diameters of size dave placed
initially at equal distances, dave, from each other. In the horizon-
tal direction, the boundary conditions are periodic. The value of P0

is found by compression of the top wall up to a packing fraction
ρ = 0.80, ensuring a dense packing above the jamming point.

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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