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1. Abstract

Filtration of feed containing multiple species of particles is a common process in the industrial setting. In
this work we propose a model for filtration of a suspension containing an arbitrary number of particle species,
each with different affinities for the filter membrane. We formulate a number of optimization problems pertaining
to effective separation of desired and undesired particles in the special case of two particle species, and we
present results showing how properties such as feed composition affect the optimal filter design (internal pore
structure). To make our model suitable for filter design application (pore shape optimization) of feed containing
arbitrary number of particle species, we propose new objective function (fast method) based on the quantities
evaluated at early stage of the filtration. In addition, we propose a novel multi-stage filtration strategy, which
provides a significant mass yield improvement for the desired particles, and surprisingly higher purity of the
product as well.

2. Mathematical Model
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Figure 1: Sketch of a cylindrical pore inside unitary prism, representing a basic building-block of the filter membrane. Blue arrows indicate the flow direction

and colored dots indicate the different particle types present in the feed.

We consider dead-end filtration of a feed solution containing two types (different physicochemical properties)
of particles, type 1 and type 2, through a planar membrane filter under constant pressure. We assume that
the membrane is composed of identical pores of circular cross-section with radius A(X,T ) (where X is dis-
tance along the pore axis), periodically repeating in a square lattice arrangement. Each pore is contained in
a unit prism with square base 2W × 2W and height D (see Fig. 1), where W � D. The incompressible feed
(assumed Newtonian with viscosity µ) flows through the pore with cross-sectionally averaged axial velocity,
Up(X,T ), given in terms of the pressure P (X,T ) by

Up(X,T ) = −Kp(X,T )

µ

∂P

∂X
, (1)

where Kp = A2(X,T )/8 is the local permeability of an isolated pore. This is equivalent to a Darcy flow model
with velocity U(T ) within the membrane related to Up(X,T ) via porosity Φm = πA2(X,T )/(2W )2,

U(T ) = ΦmUp(X,T ) = −K(X,T )

µ

∂P

∂X
, (2)

where

K(X,T ) =
πA(X,T )4

32W 2
(3)

is the membrane permeability. The flow is driven by constant pressure drop P0 across the membrane. Con-
servation of mass then closes the model, giving the equation and boundary conditions governing the pressure
P (X,T ) within the membrane as
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[
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∂P

∂X

]
= 0, 0 ≤ X ≤ D, (4)

P (0, T ) = P0, P (D,T ) = 0. (5)

Extending the approach of Sanaei & Cummings [2; 3], we propose the following fouling model equations, which
assume that the two particle types are transported independently by the solvent and do not interact:

Up
∂Ci
∂X

= −Λi
Ci
A
, Ci(0, T ) = C0i, i = 1, 2; (6)

∂A

∂T
= −

∑

i=1,2

ΛiαiCi, A(X, 0) = A0(X), (7)

where Ci(X,T ) is the concentration (mass per unit volume of solution) of type i particles; Λi is a particle deposi-
tion coefficient for type i particles; and αi is an unknown (problem-dependent) constant related inversely to the
density of the material that comprises type i particles. Equation (7) assumes the rate of pore radius shrinkage
(due to the particle deposition) is a linear function of the local particle concentrations at depth X, and derives
from a mass-balance of the particles removed from the feed, consistent with (6).

3. Results

3.1 Definitions for filter performance evaluation and optimization

Metric Description Range/definition
u(t) flux (0,∞)

j(t) throughput =
∫ t

0 u(τ )dτ

j(tf) total throughput at final time tf =
∫ tf

0 u(τ )dτ
ci,ins(t) instantaneous concentration at the outlet for each particle type i (0, ci(0, t))
ci,acm(t) accumulative concentrations of each particle type i in the filtrate (0, ci(0, t))
Ri(t) instantaneous particle removal ratio for type i particles [0, 1]
R̄i(t) cumulative particle removal ratio for type i particles [0, 1]
ki purity for type i particles in the filtrate at the end of filtration [0, 1]
γ effective physicochemical difference between the two species [0, 1]

3.2 Effect of particle composition ratio ξ on optimization with fast and slow method
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Figure 2: Comparison of slow method with objective function J(a0) = j(tf)c2acm(tf) (dashed curves) and fast method J2,fast(a0) = u(0)c2ins(0) (dotted curves)

(a-c): with ξ = 0.9, 0.5, 0.1 and β = 0.1, α1 = α2, λ1 = 1, R = 0.99: (a) (u, j) plot, (b) (c1acm, j) plot, (c) (c2acm, j) plot.

For feed containing more undesirable particles, indicated by higher ξ value, the optimized pore will close faster,

leading to low total throughput. We also note here the fast method finds same optimizer as slow method, with
much less computation time.

3.3 Multi-stage filtration protocol
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Figure 6: Flow chart of multi-stage filtration. FR,m signifies the mth stage filter used; for each FR,m, n(m) records
how many times the filter is used.

(mass) of type 2 particles per filter used, while achieving e↵ective separation,4 which for definiteness we here define
as removing 99% of particle type 1 from the feed (R̄1(tf) � 0.99) while simultaneously recovering at least 50% of type
2 particles in the filtrate (R̄2(tf)  0.50). We define the purity for type i particles in the filtrate, ki 2 [0, 1], as

ki =
ci,acm(tf)P

i=1,2 ci,acm(tf)
, i = 1, 2, (36)

where ci,acm(tf) is the accumulative concentration of the type i particle in the filtrate at the end of the filtration.
With our hypothesized scenario of feed containing desired (type 2) and undesired (type 1) particles in mind, we note
a simple relationship between the purity of type 2 particles and the final cumulative removal ratios:

k2 =
(1 � ⇠)[1 � R̄2(tf)]

⇠[1 � R̄1(tf)] + (1 � ⇠)[1 � R̄2(tf)]
. (37)

4 The term “e↵ective separation” has been used in the literature, though without clear quantitative definition, e.g. [? ? ? ].

Figure 3: Flow chart of multi-stage filtration. FR,m signifies the mth stage filter used; for each FR,m, n(m)
records how many times the filter is used.

3.4 Example of two-stage and three-stage filtrations
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Figure 4: Multi-stage filtrations: (a,b) show second stage of 2-stage filtrations; (c,d) show 2nd and 3rd stages of a 3-stage filtration. (a) fouling of F0.5,2 by

filtering filtrate collected from two F0.5,1 filters. (b) fouling of F0.5,2 by filtering filtrate collected from three F0.5,1 filters. (c) and (d): 3-stage filtration with (c) fouling

of F0.5,2 by filtering filtrate collected from four F0.5,1 filters; (d) fouling of F0.5,3 by filtering filtrate collected from F0.5,2 shown in (c).

3.5 Multi-stage filtration stage-filter ratio optimization
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Figure 5: 4-stage filtration illustration, with eighteen stage 1 filters, six stage 2 filters, two stage 3 filters and one stage 4 filter.

4. Conclusions

• In this work we proposed a mathematical model for filtration of feed containing multiple species of particles.
•Optimization problems for maximizing the mass yield of desirable particles from feed while achieving effective

separation are considered.
• For constant pressure case, we find the optimized pore profile is of ‘V ’ shape, which is in agreement with our

earlier findings [1].
•We proposed new objective function (fast method) based on the quantities evaluated at early stage of the

filtration, which is 100 times faster than our earlier optimization routing (slow method).
•We proposed an alternative approach for maximizing the mass yield per filter while achieving effective sepa-

ration, using multi-stage filtration.
•We find the mass yield per filter, using multi-stage filtration, could go up to two and half times of that produced

by the single stage filtration, and surprisingly higher purity as well.
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